June 19, 2011 22:1 World Scientific Book - 9in x 6in

148 An Introduction to the Physics of Particle Accelerators (2°d Ed.) Solution Manual

7.4 Longitudinal coordinates and synchrobetarton coupling

For a charged particle of charge ¢ in an external electromagnetic field, we
may write the relativistic Hamiltonian as

H(x, Peyy, Py, 2, Poit) = U = \/(13 — A)? + m2ct + ¢9, (7.58)

with vector potential ff, and electric potential ®, canonical momentum
P= 4+ qff, and total energy U. Here the kinetic momentum p' = ngc.
In the usual cylindrical coordinates of accelerator physics with radius of
curvature p, the Hamiltonian may be written as

H(%Pmyapyasaps;f) =U

Ps_qu

2
2¢2 + ¢®. (7.59
1+x/p> +m?2c? + q®. (7.59)

= C\/(Px —qAL)? + (P — qA,)? + <

Recalling that a canonical transformation from variables (¢, p) to variables
(Q, P) preserves the Poincaré-Cartan integral invariant

p-df—Hdt =P -dQ — K dt, (7.60)

we can interchange one canonical pair (g;,p;) with the time-energy pair
(t,—H) by writing the invariant as

> pidgi + (—H)dt | — (—p;)da;. (7.61)
i)

This transformation gives the new Hamiltonian

H('rvpzayvpyatv_U;S) = _PS

= _qu_ <1+E>
P

X \/(U - q@)Q - (m0)2 - (Pw - qu)2 - (Py - qu)2' (7'62)

C

If there are no electrostatic fields then we may write ® = 0; the fields in rf
cavities may be obtained from the time derivative of A. Ignoring solenoids
for now, with only transverse magnetic guide fields and the longitudinal
electric fields of the cavities may be described by A, so we may take

A, =0, A,=0, and ®=0. (7.63)
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To model dipoles, quadrupoles and cavities a vector potential of the form

qu—q(1+%> (A-3)

— P pLK 2 _ 2
+ A 0(s — jL) cos(wyt + ¢o) (7.64)
" E J rf 0 .

j=—o0

is sufficient. Here the circumference is L, and the magnetic guide field
parameter is

1 q (8By)
K=—+-L1 (22 7.65
P psy \ Ox ) (7.65)

and pgy is the momentum of the synchronous design particle. The effective
rf phase as the synchronous particle passes the cavities is ¢, to give a net
energy gain per turn of [qV cos(¢g)]. For simplicity in Eq. (7.64) the effect
of all rf cavities has been lumped at the location s = 0 in the ring.

The time coordinate may be broken up into the time for the synchronous
particle to arrive at the location s plus a deviation At for the particular
particle’s arrival time:

_ 27h

t =tsy(s) + At(s) = oL s+ At = %

+ At (7.66)

If the beam is held at constant energy, then we may make a canonical
transformation of the time coordinate At to rf phase ¢ given by

© = wrfAt. (7.67)

If acceleration is assumed to be adiabatically slow, so that w.s changes
very slowly, and the magnetic guide fields track the momentum of the syn-
chronous particle, keeping the synchronous particle on a fixed trajectory,
we can allow for an adiabatic energy ramp according to

qV sin gbo
e

Usy:U0+ T P

(7.68)
where the energy gain per turn [¢V sin ¢] is much less than the total energy
Us. In this case it might not unreasonable to use ¢ as the longitudinal
coordinate, so long as we are prepared to allow for adiabatic damping of
the phase space areas. To convert the time coordinate into an rf phase angle
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relative to the phase of the synchronous particle, we can use the generating
function

Vsi
Fz(xvvata W7S) =TPy + |:wrfW - <U0 + L‘Z}n(bo S):| t

27h gVrhsingg ,

- T Ws+ wrfL2 S, (769)

to find a new canonical momentum W corresponding to the phase coordi-
nate. This is what was used to arrive at Eq. (CM: 7.61)!

Before proceeding down this path it will behoove us to examine the
effect of ramping the energy. The deviation in energy of another particle
of energy U from the synchronous particle may be defined as

AU =U — Ugy. (7.70)
For the synchronous particle the phase of the rf cavity should be
toy
¢sy = ¢0 + / wee dt
0

tay
= o + / 2T gy, (7.71)
0

L

With changing energy and the velocity dependence of wy¢, calculation of this
integral becomes a problem and ¢ does not appear to be such an attractive
candidate for a canonical coordinate. This is why Chris Iselin chose to take
¢ = —cAt as the longitudinal coordinate variable in the MAD program[14].
Of course there are other parameters which are not necessarily constants
in real accelerators. It is quite common to vary the radial position of the
closed orbit, as well as the synchronous phase of the rf — particularly during
the phase jump at transition crossing. Pulsed quadrupoles are frequently
used to cause a rapid change in the transition energy at transition during
acceleration.
If we consider a ramp with a constant increase of energy per turn

Uy = U+ Rs  with

R= % sin ¢ (7.72)

then the time evolution as a function of path length of the synchronous

I The formalism of Suzuki[35] was followed in writing CM: § 7.6.
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particles is given by

®ds
tsy(s) = %
0
1/2
y mc? 2
= 1-— ds’
/0 l (Uo—l—Rs’) §
2 Up+Rs 2
mc me Emes — U
= — 1 —£—2 d / =
7 =3 § = S
2 mc mcz d
me To+Hs n
e MR o
To N
2 COS?l(U fRs)
:%/ ’ an® 6 do, 7 = cosf

B me? | Uy + Rs 1 mc? 2 Uy 1 me2\
2R mc? Uy + Rs mc? Uy
+cos™! Lg —cos™? m_02
Uy + Rs Uo

_me g (1) st (1
= 3R _ny Boyo + cos (7) cos (70)] (7.73)

Provided that the ramping is sufficiently slow, then acceleration may be
treated adiabatically.

At least in the adiabatic case, then we can find the new canonical coor-
dinate and Hamiltonian from Eq. (7.69):

_O0Fy qV sin ¢g
—U = W = wrfW - <U0 + T S, (774)
8F2 27Th
P =gy =t — s, (7.75)
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with the derivative of the generating function:

0F, qV sin ¢g 2mh 2mhqV sin ¢g
= Ty R T R0

os L L’ e L2
qV singg | 2mh 27h 2mhqV sin ¢g
=" At| — — _—
L LML ot [T R
_ qV sin ¢g P @ 5
B L we L
qVsingg S
- _ x _ = 7.76
L Wrf :f ’ ( )

where we have written A5y = L/27h as a constant effective rf wavelength
corrected for the velocity.? Ignoring the vertical motion, the new Hamilto-
nian is

0OFy
H w0, Wis) =H+ —=
(2, Pz, 0, Wi s) + 5
Dsy Pyl oV - ) s
=— — — d(s—jL —
) T+ +wrf ‘_E (s— )cos(¢0+<p+ ?i)
j=—00
2\ [(Usy — weeW)2 —m2ct 9 1/2 qVsingg ¢ S
- (1+-= — P - Y
C2 L Wrf of
DPsy Py o qV = . < S )
=—z+—=—0a"+— E 0(s—jL) cos + o+ =
P 2 Wit T (s =JL) o+ ot
2 I US T 2 1/2
- (1+5) [pﬁy—iwfz Y4 2 W2—p§]
p c c

_aVsingo o s (7.77)

2The true rf wavelength is actually A.s = L/27hf and is a function of the momentum
of the particle, whereas /T:f is a constant depending only on the design circumference
and harmonic number.
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With a few approximations and a bit more algebra this becomes
H,y

S SK V = .
o Doy gy Doyl g2 I Zé(s—jL)cos(gbo—l-gD—l-i*)
p 2 Wt T rf

rUs r2 14U52wr2 1 2
_psy<1+%> -t YW+<“’f —o e Ay C P

p3yc? 2p3c® 8 pyct 2 p3y
qVsingg S

K V= _ s
~pey § 1+ 52 + : Z 5(5—JL)COS<¢0+<P+T)
2 WrfPsy oo rf

+(1+E) |:erUsyW+m2er2W2+lpi:|_Mﬁ_i}
p

ps2'yc2 2p:ily 2 pgy Lpsy Wrf :f
K V= ) s
~ Py ~14+ o2y Z (s — jL) cos <¢0+<P+ T)
2 WrtfPsy j=—oo rf

2\ |1 W 1 WN\? 1 /p.\?
H1+=) | —+ == (—) +5 (=
P of Psy  y2A%T \Dsy 2 \ psy

_
_@Vsingo ¢ 5 (7.78)

This is essentially the same as Eq. (CM: 7.61) but with the longitudinal
variables written as
AU

Y =wgAt, and W=—-—— (7.79)
Wrf

and where L is the circumference, and for magnets with transverse fields
and no horizontal-vertical coupling

1 q (0B,
K= E +]; <E>o' (7.80)

If we want to calculate matrices for the basic magnetic elements, i. e.,
normal quads and dipoles, then the summation drops out, since d(s—jL) =
0 and V = 0 away from the rf cavities. Then keeping only terms to second
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order in the canonical variables we have
ps K 22 + pi
2 2ps

Us T 2 h 2 T 2 Us T
+( waf_L>W+mu;f W2 4 wafo
DsyC L 2psy PPsyC

, K 2 2 v 2
DPsy (E2 + 2 + m Ck;f W2 4 21/1/'1;7 (781)
2 2psy 2psy PPsyC

Hl =~ _ps+

Usywrf

12

_psy +

since the two terms in the coefficient of W cancel. We may rescale the
Hamiltonian by 1/ps, getting

K 1 1 1
His~—-14—2’+ w2+ w2 + — Wy, 7.82
2 2 72/1::102 ¢ pA s ¢ ( )
with the new canonical momenta
Wy = p—m, and (7.83)
Dsy
Bymc®
w AU Smer Ap
WhH = — = — = — JE—
¢ Dsy WrfPsy %Thﬁc Dsy
A
=1, 2L (7.84)
Dsy

In this case with ¢ and wg as canonically conjugate the longitudinal emit-
tance would have units of length (meters), just like the horizontal and verti-
cal planes. (Of course this should be obvious since then all three emittances
come from the common Hamiltonian H; 5.) In the paraxial approximation,
we obviously have w, ~ z’.

7.4.1 Variations of the longitudinal canonical variables

There are a several different combinations for the longintudinal canonical

<z, %) , (7.85)

Do

( N &> , (7.86)
DPoC

(t—to)vovo K — Ko
— 7.87
(- K2R, (7.87)

variables, for example:
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(¢, W), (7.88)
(¢, we), (7.89)

The two pairs in Eqgs. (7.88 and 7.84) were explained in the previous chapter
Eqgs. (7.79 and 7.84). Differentiating the equation

U? = p*c® + m?c?, (7.90)
leads to the relation
du = Bedp, (7.91)

or on converting to fractional deviations
d, 1d 1d
2o (7.92)
Po 8 PoC B2 Uy
Conversion from the pair in Eq. (7.85) to the pair in Eq. (7.86) used in the
MAD?* program may be accomplished by the simple transformation

z\ _ [—Boclt—to)\ _ [—BocAt) _(Bo 0) —cAt
T ()G ) o

The usual definition of dispersion defined as the particular solution to the
inhomogeneous horizontal Hill’s equation in Eq. (CM: 5.77) must be mod-
ified by a factor of 5y to agree with the value calculated by MAD.

The pair in Eq. (7.87) are used in the program COSY Infinity® which
can be obtained as follows. If we start from the good canonical pair:

(At,—AU) (7.94)
and rescale as usual by dividing by pg, we may write
A At AK
At (——U> el (7.95)
Po Poc

where AK = AU is the change in kinetic energy K = (v — 1)mc?. Writing
poc in terms of the kinetic energy, we have

+1 +1
poc = mc*y0B0 = me* (o — 1)1/ L = Koy | 2
Y — 1 Yo —1
_ Ko(yo+1) _ Ko(yo+1)

7.96
Ve -1 Y050 (7.96)
Substituting this into Eq. (7.95) we find
AU At YoUVo AK
At|—— | =- —_—, 7.97
( Po ) Y +1 Ko (7.97)

and we see that Eq. (7.87) must also be a good canonical pair that preserves
the area elements of longitudinal phase space.
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7.4.2 Transport matrices for a few elements

Using the Lie algebraic method demonstrated in CM § 3.7, matrices for a
drift, quadrupole, and sector bend may obtained:

170 0
010 O
Masite = | g 0 1 L ; (7.98)
72
000 1
cos(Vkl) ﬁ sin(vEl) 0 0
—VEsin(vVEkl) cos(vVEl) 0 0
Mquad = 0 0 1 1 s (799)
V2
0 0 0 1
Msbcnd =
sin|v/I—n6 1—cos|v/I—nb
cos [\/1[— nG]] pein[vI—no] T—n] 0 W
V1=n sin[v/1—n# sin|v/1—nf
———— cos [\/1 — n@] 0 i
_sin[vI=n]  p(1—cos[vI=nb]) 1 Jo _ VI=nf—sin[y/T—n6] ’
VI-ndi A-n)x; R (i=n)—3/2
0 0 0 1
(7.100)

where we have used Hj s with the canonical pairs (z,w,) and (¢, wg) for
the radial and longitudinal canonical variables.

sg



