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Synchrotron Light Source Emittance Evolution 

A. Wolski, 2011 CERN Accelerator School Lectures, Greece 

Lower emittance, 
Brighter light 
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Another View of Emittance 

R. Bartolini, ICFA Beam Dynamics Newsletter 57 (2012) 

Present facilities 
Future facilities 
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Reminders from Waldo’s Morning Talk 

§  The equilibrium emittance, balanced between synchrotron 
radiation damping and quantum excitation effects, is 

�rms =
τx

4LU2
s

�
�u2

γ�H(s)Nγ ds

L : circumference

Us : Energy of synchronous particle

τx : Horizontal damping time

�u2
γ�Nγ : photon energy integral terms

H(s) = βx(s)η
�2
x + 2αxηxη

�
x + γxη

2
x

(“Curly −H function
��
)
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Reminders from Waldo’s Morning Talk 

§  Energy loss per turn 

§  The integral above is sometimes called the second 
synchrotron radiation integral (e.g. Wolski, Handbook): 

constant Cγ =
4π

3

r3
(mc2)3

= 8.85× 10−5 m

(GeV)3

Uγ ≈ CγU4

2π

�
ds

ρ2
Integral only in dipoles 
Property of lattice 

I2 ≡
�

ds

ρ2(s)
Uγ ≈ CγU4

2π
I2
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Radiation Integrals 

§  There are several other radiation integrals that come into 
play in evaluation of effects of radiation on dynamics of 
ultra-relativistic particles in a storage ring or beamline, 
including one that depends on curly-H. 

I1 ≡
�

ηx(s)

ρ(s)
ds momentum compaction αp =

I1
L

I3 ≡
�

ds

|ρ(s)|3

I2 ≡
�

ds

ρ2(s) I4 ≡
�

ηx(s)

ρ(s)

�
1

ρ2(s)
+ 2k1(s)

�
ds

I5 ≡
�

Hx

|ρ3(s)|
ds

These integrals only depend on the lattice design 
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Relation of Integrals to Waldo and Textbook 

§  Waldo defined a “curly D” that was related to division of 
horizontal and synchrotron damping times: 

§  In relation to the radiation integrals and for a horizontal 
planar ring (see Handbook, p. 210) 

D ≡ 1

cUγ

�
Pγη(s)

�
1− 2n(s)

ρ(s)

�
ds

≈ 1

cUγ

�
Pγ

�
η(s)

ρ(s)

�
ds

D =
I4
I2

Partition numbers

Jx = 1− I4
I2

Jy = 1 Ju = 2 +
I4
I2
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Equilibrium Horizontal Emittance 

§  The evolution of horizontal emittance, including both 
damping and quantum excitation, is 

§  This is at an equilibrium for the “natural” emittance 

§  This only depends on beam energy and radiation integrals! 

d�x
dt

= − 2

τx
�x +

2

Jxτx
Cqγ

2 I5
I2

damping Quantum excitation 

�0 = Cq
γ2

Jx

I5
I2

Jx = 1− I4
I2

“quantum constant” Cq =
55

32
√
3

�
mc

≈ 3.83× 10−13 m
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Equilibrium Energy Spread 

§  We can average the quantum excitation effects on beam 
momentum offset to find the evolution of energy spread: 

 
§  We can also find the equilibrium energy spread and bunch 

length 

§  Note the lack of RF parameters! This equilibrium distribution 
is again determined only by the lattice (and collective effects). 
We can shorten bunch length by raising RF voltage,  

dσ2
δ

dt
= Cqγ

2 2

Juτu

I3
I2

− 2

τu
σ2
δ Ju = 2 +

I4
I2

damping Quantum excitation 

σ2
δ0 = Cqγ

2 I3
JuI2

bunch length σz0 =
αpc

Ωs
σδ0

Ωs
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Evaluating Radiation Integrals 

§  If bends have no quadrupole component (a modern 
separated function synchrotron),              and 

§  To find the equilibrium emittance, we then need to 
evaluate two synchrotron radiation integrals 

§      depends on only detailed knowledge of dipole magnets 
§  e.g. for all dipole magnets being the same, total bend 

§  Evaluating      depends on detailed knowledge of optics   

Jx ≈ 1 Ju ≈ 2

I2

I2 =

�
ds

ρ2(s)
=

2πB

(Bρ)
≈ 2πcB

U/e

2π

I5

I5 ≡
�

Hx

|ρ3(s)|
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FODO Lattice I5 

§  Just like our excursions into the FODO lattice before, we 
had calculated our optical functions in terms of 
§  Thin quadrupole focal length f 
§  Dipole bending radius     (for dispersion contributions) 
§  Dipole lengths               (full space between quadrupoles) 

§  These calculations are usually done with computer 
programs that find the optical functions and integrate       
for us. 
§  But Wolski (see below) writes out some of the logic to 

progress through a FODO lattice and evaluate some 
reasonably realistic approximations 

ρ

H

A. Wolski, 2011 CERN Accelerator School Lectures, Greece 

L = ρθ

θ � 1 ⇒ ρ � 2f ⇒ 4f � L
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FODO Lattice I5  

§  Similar to the dogleg, the analysis is most easily done in 
an expansion of small dipole bend angle 

  

θ
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=
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Approximate Natural Emittance of FODO Lattice 

§  We can then write the approximate natural horizontal 
emittance of the FODO lattice, again with 

§  Proportional to square of beam energy 
§  Proportional to cube of bending angle per dipole 

•  Increase number of cells to reduce bending angle per dipole 
and thus reduce FODO emittance. 

§  Proportional to cube of quadrupole focal length 
•  Stronger quads gives stronger focusing, lower natural 

emittance 
§  Inversely proportional to cube of the cell (or dipole) length 

•  Longer cells also reduce overall natural emittance 

�0 = Cq
γ2

Jx

I5
I2

Jx ≈ 1

≈ Cqγ
2

�
2f

L

�3

θ3

A. Wolski, 2011 CERN Accelerator School Lectures, Greece 

γ
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Minimum Emittance of FODO Lattice? 

§  The stability criterion for FODO lattices with these 
parameters is              with a minimum of 
§  Estimated FODO lattice minimum emittance 

§  But approximations start to break down for large f 

f ≥ L/2 f/L = 1/2

�0 ≈ Cqγ
2θ3

Exact 

Approximation 

Real minimum 
µ=137 degrees 

�0 ≈ 1.2 Cqγ
2θ3
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We Can Do Better! 

§  It turns out that this emittance isn’t usually good enough 
for modern third-generation light source requirements 
§  1-2 orders of magnitude too big 

§  How do we fix this? 
§  Beam energy determines some properties of the sync light 
§  So the remaining handle we have is the optics 

§  Minimizing     and      in the dipoles will minimize the overall 
integral of       and thus  

§  How do the dispersion functions look though FODO dipoles? 

I5 ≡
�

Hx

|ρ3(s)|
ds H(s) = βxη

�2
x + 2αxηxη

�
x + γxη

2
x

η η�

H I5



16 T. Satogata / January 2013          USPAS Accelerator Physics 

FODO Cell Optics 

A. Wolski, 2011 CERN Accelerator School Lectures, Greece 

H(s) = βxη
�2
x + 2αxηxη

�
x + γxη

2
x
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FODO Dipole  H

Roughly constant 
throughout FODO bends 

Scale: 7-9x10-3 
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Double Bend Achromats 
§  If only we had a lattice that had dipoles that had zero    

and      somewhere near their ends 
§   We do, the double bend achromat! 

§  Add extra focusing at ends for periodic matching with  

η
η�

αx,y ≈ 0
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DBA Dipole   H

Smaller and varying through dipole bends 

Scale: 0-3x10-3 vs 7-9x10-3 (FODO) 
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DBA Radiation Integrals 

§  We can optimize the beta functions and matching vs 
dipole length to produce a best (minimum) integral of 

§  This is about 13 times smaller (!) than the FODO lattice 
minimum emittance!  

I5

I5,min =
1

4
√
15

θ4

ρ
+ o(θ6)

I2 =

�
ds

ρ2
=

θ

ρ
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JxI2
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4
√
15

Cqγ
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dipole ends

βx ≈ L
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αx ≈
√
15



21 T. Satogata / January 2013          USPAS Accelerator Physics 

But We Can Still Do Better 

§  The double bend achromat was a huge step forward 
§  Made NSLS into a very successful light source 
§  But we can still further optimize I5 

§  One way to do this is the triple bend achromat shown 
earlier 
§  e.g. the ALS, BESSY-II, SLS (Swiss Light Source, PSI) 
§  This can place local minima at the dipoles 
§  One tradeoff: more complicated lattice, more expensive… 
§  More focusing also provides stronger chromatic effects 

•  Correction with sextupoles requires nonlinear optimization 

§  Another solution: minimize I5 wrt all lattice parameters 
§  So-called TME (theoretical minimum emittance) lattices 
§  Tend to not be very locally robust solutions 
§  But they sure get close to minimizing the natural emittance 
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Triple Bend Achromat Cell (ALS at LBL) 

L. Yang et al, Global Optimization of an Accelerator Lattice Using Multiobjective Genetic Algorithms, 2009 

Good reasons to minimize integral of dispersion (this talk) 
Extra quadrupoles help with matching at ends of cell, αx,y=0 
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“Theoretical Minimum Emittance” Lattice 
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Very small βx, αx, ηx 
in single dipole 
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Summary of Some Minimum Emittance Lattices 

A. Wolski, 2011 CERN Accelerator School Lectures, Greece 

/2.36 

/18.6 

/3 
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Why Not TME All The Time? 

§  Optimizing one parameter (beam emittance) does not 
necessarily optimize the facility performance! 
§  TME lattices are considered by many to be over-optimized 
§  High chromaticities give very sensitive sextupole 

distributions 
•  These in turn give very sensitive nonlinear beam dynamics 
•  Momentum aperture, dynamic aperture, … 
•  More tomorrow and Thursday 

§  Usually best to back off TME to work on other optimization 
§  Another alternative is to move towards machines with many 

dipoles 
•  Reduces bending angle per dipole and brings emittance down 
•  MAX-IV: 7-bend achromat; SPRING-8 6- and 10-bend achromats 
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MAX-IV 7-Bend Achromat 

§    
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MAX-IV Nonlinear Optics 

§  MAX-IV represents an interesting case in optics design 
§  Soft end dipoles minimize synchrotron radiation on SC IDs 
§  All dipoles have vertical gradient 
§  Strong focusing -> large chromaticities 
§  Low dispersion -> very strong chromaticity sextupoles 
§  Three sextupole families optimize higher-order chromaticity 

and driving terms 
§  Additional octupoles also correct tune change vs amplitude 

S. Leeman, ICFA Beam Dynamics Newsletter 57 (2012) 

“soft” end dipoles Sextupoles between focusing quads 
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MAX-IV Parameters 

S. Leeman, ICFA Beam Dynamics Newsletter 57 (2012) 
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J. Bengtsson, 2012, Nonlinear Dynamics Optimization in Low Emittance 
Rings, ICFA Beam Dynamics Newsletter 57, April 2012  
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Multiple Bend Achromats (BAs) 

Y. Shimosaki, 2012, Nonlinear Dynamics Optimization in Low Emittance 
Rings, ICFA Beam Dynamics Newsletter 57, April 2012  

βx,βy, ηx

3BA 6BA 

9BA 12BA 
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Ultimate Storage Ring Concept: PEP-X 
E = 4.5 GeV 
I = 1.5 A 
εx = 150 pm-rad 
(~0.06 nm-rad w/o IBS) 

εy = 8 pm-rad 
σs = 3/6 mm 
(without/with 3rd harm rf) 

τ  = ~1 h 
top-up injection 
every few seconds 
(~7 nC, multiple bunches) 

•  2 arcs of DBA cells with 32 ID 
beam lines (4.3-m straights) 

•  4 arcs of TME cells 

•  ~90 m damping wigglers 
•  6 ea 120-m straights for injection, RF, 

damping wigglers long IDs, etc. 

B. Hettel (SLAC) Future Light Sources 2012 Workshop 
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Small Emittance Drawbacks: Touschek Scattering 

§  Electrons within the electron bunches in a synchrotron light 
storage ring do sometimes interact with each other 
§  They’re all charged particles, after all 

§  Fortunately most of these interactions are negligible for 
high energy, ultrarelativistic electron beams 
§             so, e.g., time dilation reduces effect of space charge 
§  But these are long-distance Coulomb repulsions 
§  High angle scattering can lead to sudden large momentum 

changes for individual electrons 
§  Low emittance and high brilliance enhances this effect 

•  Tighter distributions of particles => more likelihood of interactions 
§  Large momentum changes can move electrons out of the 

stable RF bucket => particle loss 

γ � 1 ∝ γ−2
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Rough Order of Magnitude 

§  For a given particle,  
§  If all transverse momentum is transferred into   then 

§  For realistic numbers of 2 GeV beam (γ~4000),    =10m, 
and            beam displacement, we find 

§  This scattering mechanism can create electron loss 
§  Even worse for particles out in Gaussian tails 

δ

βx

100µm

∆p ≈ 80 MeV/c ≈ 0.04 p0

σRMS =
�

�β

� = πW

σ�
RMS =

�
�/β

x̂

x̂�
x̂ =

�
Wβ(s)

x̂� =
�

W/β(s)

x̂ = βx̂� =
βp̂x
p0

p̂x =
p0x̂

β

∆p = γpx = γ
p0x̂

β
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Cross Section 

§  Cross section is used in high energy physics to express 
the probability of scattering processes: units of area 

§  Often expressed as a differential cross section, 
probably of interaction in a given set of conditions (like 
interaction angle or momentum transfer): 

§  In particle colliders, luminosity is defined as the rate of 
observed interactions of a particular type divided by the 
cross section 

Integrating this over time gives an expected number of events in a 
given time period to calculate experiment statistics 

σ
1 barn ≡ 10−28 m2 = 10−24 cm2

dσ/dΩ

L ≡ event rate

σ
units [s−1 cm−2]
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Touschek Scattering Calculations 

§  Touschek Scattering calculations use the Moller electron elastic 
interaction cross section in the rest frame of the electrons 
§  Then relativistically boost back into the lab frame 
§  This is all too involved for this lecture! 

•  Really 2nd year graduate level scattering theory calculation 
§  See Carlo Bocchetta’s talk at CERN Accelerator School 

•  http://cas.web.cern.ch/cas/BRUNNEN/Presentations/PDF/Bocchetta/Touschek.pdf 

§  As usual we’ll just quote the result 
§  Touschek loss exponential decay lifetime 

Vbunch = 8πσxσyσz

C(�) ≈ −[ln(1.732�) + 1.5]

r0 ≈ 2.818× 10−13 cm

τ =
γ3
rVbunchσ�

x,RMSδ
2
acceptance

cr20Nbunch(ln(2)
√
π)

1

C(�)

δacceptance:
∆p

p0
at which particles are lost

� ≡
�
δacceptance
γσ�

x,RMS

�2
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τ =
γ3
rVbunchσ�

x,RMSδ
2
acceptance

cr20Nbunch(ln(2)
√
π)

1

C(�)

Touschek Scaling 

§  High lifetime is good, low lifetime is bad 
§  Higher particle phase space density                        makes loss 

faster 
•  But we want this for higher brilliance! 

§  Smaller momentum acceptance makes loss faster 
•  But tighter focusing requires sextupoles to correct chromaticity 
•  Sextupoles and other nonlinearities reduce   

§  Higher beam energy       makes loss slower 
•  Well at least we win somewhere! 

δacceptance

Nbunch/Vbunch

γr

Vbunch = 8πσxσyσz

C(�) ≈ −[ln(1.732�) + 1.5]

r0 ≈ 2.818× 10−13 cm
δacceptance:

∆p

p0
at which particles are lost

� ≡
�
δacceptance
γσ�

x,RMS

�2
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Touschek Lifetime Calculations 

§  Generally one must do some simulation of Touschek losses  

PAC’09 Conference: http://www.bnl.gov/isd/documents/70446.pdf  
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Momentum Aperture and Touschek 
§  Most third generation storage rings have limiting 

transverse acceptance 
§  Much work to optimize transverse momentum aperture 
§  Particularly modern machines (e.g. DIAMOND, SOLEIL) 
§  Detailed nonlinear dynamics measurements required 

Carlo Bocchetta’s talk at CERN Accelerator School 

>4% acceptance 
~3% acceptance 
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Kicked Electron Damping 

§  After a Touschek kick, electrons damp again 
§  But they move through tunes and amplitudes in complicated way 
§  Will see more of “tune space” and resonances tomorrow 

D. Robin, ALS 
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Top-Up and Trickle-Charge 

Top-Up 

Trickle-Charge 

J. L. Turner et al, “Trickle-Charge: A New Operational Mode for PEP-II”, SLAC-PUB-11175 

§  Top-up: add beam at discrete times to “top-up” beam current 
•  Turn off detectors during top-up, dominated by beam lifetime 

§  Trickle-charge: add small trickle of beam continuously 
•  Dominated by injection jitter detector trips, other injector stability 
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Compton Effect and Inverse Compton Sources 

A. H. Compton, Phys. Rev., 21, 483 (1923) 

Proved light had particle-like properties 
   when observed with low intensity light 
 
Nobel prize in Physics, 1927!! 

(Slides from G. Krafft) 
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Unpolarized Incident 
X-ray Beam 

Experiment 

λ� − λ =
h

mec
(1− cos θ)

Planar scattering 
Quantum effect! 

Classical prediction 



44 T. Satogata / January 2013          USPAS Accelerator Physics 

Undulators/Wigglers vs Compton 

§  Undulators and wigglers get small wavelength light from 
high-energy (expensive, multi-GeV) electrons 

§  Synchrotron light sources: 

§  Compton sources use a high-powered laser to generate 
EM fields instead of wigglers or undulators 
§  Scattered photons from laser are relativistically upshifted into 

X-ray 

λ =
λundulator

2γ2

�
1 +

κ2

2

�
κ =

eBλundulator

2πmec
Deflection parameter 

κ ≈
√
2 (undulators), ≈ tens (wigglers)γ ≈ thousands

λ =
λlaser

4γ2

�
1 +

κ2

2

�

λlaser ≈ 10−4λundulator ⇒ lower γ by ≈ 102
Big deal!! Only low 
energy electrons 
(10s of MeV) needed! 
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Energy 

§  Layout 

 
 
 
§  Energy 

 
§  Thomson limit 

( ) ( )
( ) −ΔΘ−+−

Φ−
=

eEE
EE

/cos1cos1
cos1,

laser

laser

θβ
β

ϕθγ
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Number Distribution of Photons 
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Flux 

§  Percentage in 0.1% bandwidth (θ = 0) 

§  Flux into 0.1% bandwidth 

 

§  Flux for high rep rate source 

3
0.1% 1.5 10N Nγ

−= ×

    
F =1.5!10"3 !N#

   
F =1.5!10"3 fN#
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Energy Spread 

 Sources of Energy Spread in the Scattered Pulse 

Source Term Estimate Comment 

Beam energy spread From FEL 
resonance 

Laser pulse width Doppler  Freq 
Indepedent 

Finite θ acceptance (full width) θ = 0 for 
experiments 

Finite beam emittance Beta-function 

2 /
eE eEσ
− −

/ωσ ω
2 2γ θΔ
22 / eγ ε β −
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Spectral Brilliance 

§  In general 

§  For Compton scattering from a low energy beam 
emittances dominate 

2

2

4

4 / / 2 / / 2

x x y y

x x x x y y y yL L

π σ σ σ σ

π β ε ε β λ β ε ε β λ

ʹ′ ʹ′

=

≈
+ +

FB

F

24 x yπ ε ε
=

FB
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Compton Polarimetry 
§  At high photon energy (in beam frame), scattering rate 

couples to the polarization variables 
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For a flat incident laser pulse the main results are very similar to 
those from undulaters with the following correspondences 

Undulater Thomson Backscatter 

Field Strength 

Forward 
Frequency 

a

'cos* θβ +z

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+≈
2

1
2

2

2
0 K
γ
λ

λ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+≈
2

1
4

2

2
0 a
γ
λ

λ

Transverse Pattern 'cos1 θ+

K

NB, be careful with the radiation pattern, it is the same at small angles, 
but quite a bit different at large angles 

High Field Thomson Backscatter 
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Source Illumination Method 

§  Direct illumination by laser 
§  Earliest method 
§  Deployed on storage rings 
 

§  Optical cavities 
§  Self-excited 
§  Externally excited 
§  Deployed on rings, linacs, and energy recovered linacs 
 

§  High power single pulses 
§  Deployed on linacs 
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Early Gamma Ray Sources 

Federici, et al. 
Nouvo. Cim. B 59, 247 (1980) 

Compton Edge 
78 MeV 
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LEGS 

Compton Edge 
270 MeV 

Sandorfi, et al. 
PAC83, 3083 (1983) 

NSLS 
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Electrotechnical Laboratory (Japan) 

Compton Edge 6.5 MeV 
Yamazaki, et al. 
PAC85, 3406 (1985) 
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Optical Cavities 

Quantity Dimensions 

Wavelength 200 nm-10 microns 
Circulating Power 0.1-200 kW 
Spot Size 50-500 microns 
Rayleigh Range 40 cm-5 m 

mirror mirror spot 
size w=2σ 

Rayleigh 
Range (w2π/λ) 
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Self Excited 

Location Wavelength Circulating 
Power 

Spot 
Size 

Rayleigh 
Range 

Orsay 5 microns 100 W mm 0.7 m 
UVSOR 466 nm 20 W 250 microns 0.4 m 

Duke Univ. 545 nm 1.6 kW 930 microns 5 m 
Super-ACO 300 nm 190 W 440 microns 2 m 
Jefferson 
Lab FEL 

1 micron 100 kW 150 microns 1 m 

laser 

electrons 
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Externally Excited 

Location Wavelength Input 
Power 

Circulating 
Power 

Spot Size 
(rms) 

Jefferson Lab 
Polarimeter 

1064 nm 0.3 W 1.5 kW 120 microns 

TERAS 1064 nm 0.5 W 7.5 W 900 microns 
Lyncean 1064 nm 7 W 25 kW 60 microns 
HERA 

Polarimeter 
1064 nm 0.7 W 2 kW 200 microns 

LAL 532 nm 1.0 W 10 kW 40 microns 

laser 
electrons 
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Modern Ring Based Systems 

Litvinenko, et al., Phys. Rev. Lett., 78, 4569 (1997) 
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Duke HIGS Facility 
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Some Modern Parameters 

Parmeter Value Unit 

Photon Energy 100 MeV 
Production Rate 1010 photons/sec@9 MeV 

Laser Wavelength 545 nm 
Circulating Power 1.6  kW 

Polarization 100% 

H. R. Weller, et al., Prog. Part. Nucl. Phys., 62, 4569 (2009) 

Topoff allows larger circulating power now! 
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Lyncean Compact X-ray Source 
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Lyncean Source Performance 

Parmeter Value Unit 

Photon Energy 10-20 keV 
Production Rate 1011 photons/sec 

Laser Wavelength 1064 nm 
Circulating Power 25  kW 

Polarization 100% 
Ultimate Brilliance 5×1011 p/(sec mm2mrad20.1%) 
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The Jefferson Lab IR FEL 

Wiggler assembly 

Neil, G. R., et. al, Physical Review Letters, 84, 622 (2000) 


