Strong focusing

Weak focusing rings tend to have beams with large transverse dimensions.

By using alternating focusing and defocusing lenses (or gradient dipoles) we
can achieve stronger focusing with higher betatron tunes.

Converging double lens: parallel beam from left. f; =130, fy = —70.

Converging double lens with quad strengths inverted. f; = —130, fy = 70.
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FODO lattice with periodic cells. Cell: Qg drift Qp drift.

e Consider a general 2 x 2 transport matrix for periodic cell

M:(g g).

e Transport matrix for 5-cells: M?°.
e For a ring, we might just as well take our unit cell to be the 1-turn map.

e Ligenvalues can tell us about stability.
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Some general properties of square matrices

Characteristic polynomial of an m xm matrix M:

e Characteristic equation: Pyn(\) =

e Cayley-Hamilton theorem: Pp(M) = 0.
e A, =1

e Ay = Pm(0) = |M].

o A = —tr(M) = Z;nzl M;;.

e Since Pwmw-1(A) = Pum(A), all A, are invariant
under similarity transformations of the form: M — WMW 1,
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Eigenvalues of a 2x2 matrix

e The eigenvalues of the 1-turn (or periodic cell) matrix can tell us about the
stability.
o Characteristic equation: A\? — (a +b)A+1=0,
1
Ao
e Matrix is real, characteristic equation has only real coefficients. So
either
e both roots are real,

o or \; = A, (when A\, A2 €R))

e Since \1\y = |[M| =1, we must have \; =

A :%[ M) + 1/ (tx(M) —4], AQ:%[tr(M)—\/(tr(M))Q—ZL].

: : . 1
e Note: Some symplectic matrices are defective, e. g.: ( 0 ?) has only

one normalized eigenvector (O)
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Liapunov stability

Definition of Liapunov stability:

A point Ty is called a fixed point of the map M, if My = Ty. A system is
said to be Liapunov stable about a fixed point, g, if for each ¢ > 0, there exists
a § > 0 such that if ||& — Zp|| < 9, then |M"Z — M"Z|| < € for all 0 < n < oc.

e That is, there is some neighborhood about the fixed point which remains
bounded for all time.

e Some obvious symplectic unstable examples:

—_

thin quad : (_ 8
: 1 7/
drift : ( 0 1 ) :

1

shear : ('1 (1))
0 11
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Example of a general 2 x2 symplectic matrix

a b : : - (0O
M_<c d)’ with fixed point x0—<0).

e Identity matrix is trivially stable.

e Assuming eigenvalues are not degenerate, and that b # 0 we can find two

independent eigenvectors:
ab+bx\ [ Ab
co+dr )] \ v

x from top row,

r =

bc
A—d

from bottom row.

So we must have  bc=(A—a)(A—d) = \° — (a + d)\ + ad,

which is identical to the characteristic function, since ad — bc = 1.
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Hence we may write our independent eigenvectors as

U] = b and U = b
L= )\1—CL ’ 27 )\g—a .

Expand T # % in terms of v7 and Us:
T = Avy, + Bs.
After n turns we have a deviation
D, = ||[M"% — M"Zy|| = ||AN2 T, + BA3Gs|| < |AL|™ |A]||0]| + [A2|™ | B ||52]]

Since Ao = /\%’ the motion can be unstable if either |\;| # 1.
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Real and unstable. Complex and stable.

1
e Real eigenvalues: A\; = o when tr(M) > 2.
2

1
e Non-real eigenvalues: A\ = o and A =)\ = on unit circle,
2
i. e. complex and not real when |[tr(M)| < 2.

1

M= [tr(l\/[) 1/ (te(MD)? — 4] |

PTYY USPAS: Lectures on Strong Focusing
Isurs Waldo MacKay January, 2013
J



For |tr(M)| < 2, write:  cosu = 2tr(M), for some real angle .

Then we have

AL =cosp+/cos? u—1=cosp+tisiny=e "

For |tr(M)| > 2, we can write with p > 0:

A+ = coshpu + \/coshQ,u— 1 = cosh p £ sinh p = e™H.

For [tr(M)| = 2, only M = +1 are stable.
But this is right on the borderline of stability. (Not good.)
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Consider the stable motion case with —2 < tr(IM) = 2cos u < 2 for

a b
M= (c d ) '
Define k = (a — d)/2. Then the diagonal elements can be written as

a=-cosu+k, and d=cosu—k.

ad = cos® n — k2.
1 =ad — bc.
bc=ad—1=cos’p—k*—1. = —k? —sin? .
sinp # 0, since |cospu| < 1.
Replace k by asin p for some real parameter «, so

bc = —(1 4+ a®)sin® i, and partition be by a parameter 3 so that

b= Bsinpu,
1+a? |
c= — sin fs.
5]
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So for the stable region with real parameters a, 3, v, and angle u:

M — COS [t + acsin [ B sin
- —~y sin p cosp —asiny )’

1+ a?
5

Since the sign of u is ambiguous, we may take both 8 and v to be positive.

where v =

Define J = ( @ 5) : then
N —a

I =78—a*=1.

_(et=B 0 )
J2_< 0 Cﬁ_vﬁ)_—l

M = Icosp+ Jsinpu = e’*.

a, 3, and v are frequently called Twiss parameters, though why is unknown.
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FODO cell example

Smple FODO lattice
_ o8 Linuxyersiop 8.23/08 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘04/0]‘113 094911 445  _
i,ﬁx,,@,,Dy,,D ,,,,,,,,,,, §
= e
IR RN ! L I I I L = 189.664 m,
\ \ ||

L Qp = 18765,
o Qy = 14106
* By = 19.655 m
O P
Y By, =17.840 m

o = 0.913

14. —

12. i T i T i T i i i 1 i 1 i T i 1 i 1 " 0.0
0.0 20. 40. 60. 80. 100. 120. 140. 160. 180. 200.

s(m)

8¢/ poc = 0.
Table name = TWISS

Calculated and plotted with MADS.
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1.390329 —13.764241 0.000000 0.000000
0.068876 0.037379 0.000000 0.000000

Mourn = 0.000000 0.000000 —0.360158  9.499991
0.000000 0.000000 —0.054739 —1.332692
1.390329 + 0.037379
COS [y = ;— = 0.77581,
sign(sin py) = —1, (since By > 0),
fy = 27 — cos™ 1 (0.77581) + 27n = 5.5074 + 27n,
sin (1y; = —0.70029,
5.5074
Qy = = +n = 0.87653 + n,
—13.764241
By = , = 19.655 m,
Sin gy
1.390329 — 0.037379
Qg = , = —0.966,
2 81N LUy
0.068876
Y = ——— = —0.098353.
2 81N figg
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Analytic approach

Recall our equations of motion from Chapter 3:

0
2 +ky(s)r = ——, and
=06
y// —|_ kiﬁ(s)y — O)
where
1 qg 0B
ko (s) = Y and
(s) 2 + S an
q 0B,
ko (s) = —L 224
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Hill’s equation

For now with d = 0, let’s use for either plane:

d?z

For a ring, we have a periodic guide field
k(s+ L) =k(s).

where L is the length of the period, such as the circumference of the ring.

e (Quasiperiodic solutions. From Floquet’s theorem, solutions have form:
2(s) ~ Aw(s) e™®) | where

(s) has the same periodicity as k(s), and

o w
e U(s) is a nonperiodic phase of the oscillations, aka betatron phase.

AN, USPAS: Lectures on Strong Focusing
Iq”a Waldo MacKay January, 2013
J

= 15 =*



z(s) w(s) eV(s),

= (w' + wT")et(),

(s) (w” —|— iw' U 4 wl")e™ 4 (w' + iwd’ )il eV
= (0 —w¥?)e™" +i(2w' ¥ + wl")e'".

4

k
+\I, - (w"” — w¥'? + kw) 4+ i(2w' ¥’ + w¥”)
67,

0=

1. w”’ + kw— w¥'? =0. (Called the eikonal equation.)

2w’ W , , ,
2. + ST 0. integrate: 2logw + log W' = arbitrary const — 0.
w
1
I _
3. Q b E.
. . 1/ 1
4. 1 and 3 combine to give: w' + kw— — = 0.
w
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General solution in noncomplex form:

z = Aw cos ¥ + Bwsin V.
2= A(w' cos ¥ — w¥'sin V) + B(w'sin ¥ + w¥’ cos V).

(5)-+(8).

F_ w cos W wsin W
N\ wcosU —wP'sin? w'sin® +wP' cosW |-

(3)- ()

Initial conditions:

3-n ()

Propagate to s:

(20)) =rer (3)

so we have
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F =

wcos ¥ wsin ¥
w cosW —w¥'sin¥  w'sinW + wW¥ cosW /-

|F| = wcos U(w' sin W + w¥' cos ) — wsin U(w' cos ¥ — wW¥’ sin ¥)
= w?*¥ (cos® ¥ + sin® U)

= 1.
Pl _ w' sinW + w¥' cos¥ —wsin ¥
-\ —w'cosU +wP'sin¥®  wcosW )
M — w cos W w sin W
N wcosU —w¥'sin®  w' sin¥ + w¥’ cos ¥

w( sin o + woWicosWy  —wpsin ¥y
X , A
—wycos Wy +woWysinWg  wgcos Wy
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After grundgy algebra:

w(s)

a(s) = cos [W(s) — Wo] — w(s)wg sin [¥(s) — g,

b(s) = w(s)wgsin [V(s) — Wy,

Wo

1+ w(s)wow'(s)wy .

c(s) = 0(3)0 sin [WU(s) — Wy
_ [ () cos [W(s) —
and
d(s) = %0 cos (W (s) — Up] + wow'(s) sin [¥(s) — g .
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Look at full turn matrix starting from s =0 to s = L
with Wg =0, ¥(L) = p, and w(L) = w(0) = wy.

For simplicity, we can drop the arguments:

a = cos it — ww' sin p,
2

b= w”sinV,
1 2,,,/2 / /
c= — —|—w2w sin U — [w —w]cos\II(L),
w wow

d=cos¥ + ww'sin U,

Compare with

M:(a, b)z(cos,quozsm,u S sin )

c d —y sin COS [t — QSN [
5 =uw?,
/
a:—ww’:—ﬁ—,
2
1+ wPw? 14 a?
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Since the matrix M(s + L|s) from s to s + L must be identical for each turn,

The Twiss parameters must also be periodic functions of the ring:

k(s + L) = k(s),
w(s + L) = w(s),

B(s + L) = B(s),
a(s + L) = a(s),
v(s+ L) = 7(s),

e The a(s), B(s), and v(s) functions are also called Courant-Snyder functions.

e \/[B(s) is also called the envelope function.

2(s) = A+/B(s) cos (¥(s)).
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More generally, for a nonperiodic portion of the ring or a nonperiodic beam line:

P8 feos u(s) + ao sin ()]

la(s) — ap]cos p(s) + [1 + apar(s)] sin p(s)
BoB(s)

BoB(s) sin pu(s)

% [cos pu(s) — a(s) sin p(s)]

with
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Betatron tunes

For the full turn we have

s+L / s+L 1 s+L 1
R L A TR

1 ds 1 ds
— nd = — .
on f Bl MM N T 2n B

e Note that I can start the full turn anywhere along the circumference.
The integral will always be the same.

For x and y, respectively: Quy =

If the ring consists of IV cells, each of period L:

N st ds
C2n ), B(s)

Q
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Fractional tune

a+b  tr(M)
2 2

COS |1 =

1 tr(M
e Fractional tune: ¢ = — cos™! r(M) :
21 2

e The total tune Q =n=+gq for some integer n.

e 4 x4 matrix with uncoupled motion:

B MH 0
M = ( 0 Mv) : (2x2 blocks.)
1 4 tr(MH)
qH — % COS ( 2 ) .
1 tr(M
v = —27T cos._1 ( r( 5 V)) )
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Courant-Snyder invariant

z(s) = %[COS\I} + ap sin U] zg + /BB sin ¥ 2|,

— B2 [% cos ¥ + (%Ozo—l— \/%z(')) Sin\I!] .

We can write this in the form

where

VW cos Wy =

\/WSiH\IJ():—<%OéO—I— 5026)
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Squaring and adding gives the constant:

1
W = 5 [(1+ ag)2d + 200802020 + B3267] = Y0 25 + 200 2020 + Bo 2 -
0

For simplicity, write W(s) + Vg = 9, B(s) = B, and a(s) = a.

z(s) = v/ W/ cos .

VW costp = \/LB

Z'(s) = \/;6 cos) + /WL siny = — \/7{04 cos 1) + sin}.

Fsmzp——\/gz —aVW costp = —/3 2 _ﬁ

2
5 (52 ‘;042) :%[(1+a2)z2+2aﬁzz’+52z’2]
=~y z2% +2a 22 + B 22

W_
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Courant-Snyder invariant

o |7(5)2(8)2+2a(s) z(s)2'(s)+3(s) 2’(s)* = W is an invariant.

Z

(O 12’0)

K

il .

Area= W = 7202] . = TZmax2)-

max

Zmax = VWP at 2] = —041/%.

) 4%
0 = —.
0 Y
! ) 4%
ZO— 7
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Linear tracking
Single particle.
4 cases with same W
100 turns each.
Ellipse areas equal.
Different 8 and «.
Frac. tune ¢ = 0.115.

Notes for the curious:

Frame 1 zZ Frame 2 zZ
o o Pl BN
, < —
;oo
ku’ ....
B=2, a=-1.5, y=1l628=1200 B=5, a=0, y=0.2 | W=1200
Frame 3 4 Frame 4 4
_— rd —\-.,‘
3 ' N
") AN /"j
B=0.5, a=0, y=2.0 W=1200

B=2, a=1.5, V=1.4285V=1200

il

= 28 =F

y4 [ ]

Units for VW and £:
pt (1/72 inch)

Why?
e [t’s PostScript.
e I'm demented.
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Reminder to Waldo: Run demos:

e http://www.toddsatogata.net/fodol.gif

e fodol.tcslgnuplot

e split2 -i nodisp.init -f coast.cdr
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Emittance

Tracking of 7 particles for 100 turns each.
e Note similar ellipses — diff. areas.
e Ellipses don’t cross.

e Any particles within red ellipse stay
withint the blue ellipse.

e Any particles outside stay outside.

o We can pick some fraction f of the beam
o e | and define the area of the corresponding
- Nl T ellipse as mey.

o cr is called the emittance.

e Conventions (#o0 for Gaussian approx.): rms (1o), 90% (4.60), 95% (60).
Convention depends on the which lab, accelerator, or book,
e. g., electron rings: rms; RHIC: 95%, Conte & MacKay: 90%.
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2-d Gaussian distribution

0.008 :
0.006 |
0.004
0.002

O -

-0.002

-0.004

-0.006

-0.008 : :

—-0.04 -0.03 -0.02 -0.01

2500 T T

0

0.01 0.02 0.03

x [m]

Bin: 2.0 mm
0=10.0 mm
<x>= 0.00 mm

2000 -

1500

1000

500

#
”
0 NI |

T
H

Ly
¥

Nﬁt = 29955
£ Nggp= 30000

£

S
bl —

-0.04 -0.03 -0.02 -0.01 O

X

0.01 0.02 0.03 0.04

0.008, . . . . .
A Bin: 0.5 mr
0.006 Y o=22mr 7
it <x >= 0.00 mr
0004r i
0.002 | T T
0r FHH@ |
~0.002 F e .
0004 . .
~0.006 | Ng = 29972 |
“0.008! . .  Ngen=30000
0 500 1000 1500 2000 2500 3000
Ngen = 30000  particles
£ =10 m.
a =2
v = 0.5
erms = 1 g m. (only 39.35%)
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Adiabatic invariants

e As the beam is accelerated, the particles gain energy.

e Since the energy increase is much slower than the betatron oscillations,
we may use the adiabatic approrimation,
i. e. slow approximately uniform acceleration of particles,
with no heating of the beam in its rest system.

e Using the Poincaré—Cartan theorem, we have

I = j{pdq ~ constant,

where p and ¢ are canonical conjugate variables.

e For horizontal motion, one has ¢ = x, and

ds dx ,

pz = ymi = ym——— = (fyme)a’ = pr'.

Note that here 5 and ~ are the relativistic factors and not the envelope functions.
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e The horizontal invariant becomes

Iy = pj{a:' dr = p(Area) = prey = mmcfyey = Tmcer.

e Similarly the vertical invariant is

_ _ *
I\, = mmcByey, = mmeey,.

e The normalized emittances are given by

wey = Bymen, and wey = fymey.

If the energy is adiabatically increased, the area of the ellipse in the xp,-
plane will remain constant, but the area of the ellipse in the za’-plane will shrink.
This effect of shrinking area in the zx’-plane is called adiabatic damping.
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Ionization profile monitor (IPM)

lonization Beam Profile Monitor

Sweep field electrode

MCP
(i,

Collector

Skv

Fig. 8.6. Schematic di of a microch 1 plate. The many chan-
nels act as continuous dynodes (from Dhawan [8.4]; picture © 1975
1IEEE)

Photon

Fig. 8.7. Chevron configuration in a microck 1 plate ph Iti-
plier (after Dhawan [8.4]). A further increase in gain may be obtained
by adding a third plate to form a “Z” configuration (picture © 1975
IEEE)
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AGS IPM measurment of Adiabatic Damping

Acs T PM s irE e kT

20-0CT-94 14:07 ADAMP . IEE TEMEL[090994] 22-OCT-b= 13:35:13 Dymin st rales _;,//,._/,/_, Sk Fle
IN:Z= 1, &= 1, EMlTIPNE 2.5 SIQR, SPACE (HARGE CCRRECTION: NONE ) - .

[HRZ] TFHK= 511 IPVIK= 436 IBV= 448 INI'TM= 5.0 1’4’7///’10 [VERT]

M 8% I r Th M -2.66

M 9.35 ﬂJ“ T= 100.0/45 f H\ v 6.35

™ 82.33 ' M 37.89

CLAIRL b R

F -4.86
T= 600.0 \ 3.01
19.55
a _r"')I‘ o il ——‘vjr | J

R
B e b
B88
EBA

M 470 [ r M -4.91
M 2.39 T=1000.0 M 1.50
EM 50.02 B 19.67

i
a II"'L o | I'J ]

/ :
[ m 400.0 | | i
f i i |
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Dispersion

Equation of motion:

d’x 1 Ap
T k(s)r = ——06. with 6= —=L
dsz T =0 7

Write solution in the form:
x(s) = C(s)xg + S(s)x, + D(s)do,
where
C(0) = S5'(0) =1, (cosine like)
) =C'(0) =0, (sine like)
D(0) = D'(0) = 0.
The slope of the trajectory is then clearly given by
2’ (s) = C'(s) xg + S'(s) gy + D'(s) .

Matrix equation assuming no electric fields (i. e. constant energy):

x T C(s) S(s) D(s) T
=Mz, | =1 C(s) S(s) D'(s) T
0 00 0 0 1 00
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Consider M as the 1-turn matrix. Its eigenvalues are

1 .
A2 = 9 [tr(M2><2) + \/(tl‘(M2x2)2 - 4] = e, and Az =+1.

Let us write the eigenvector corresponding to A3 as

no n
nd | =17 1|6
) 1

The periodic function 7 is called the dispersion function.

1 C(s) S(s) D(s) 7
n | =|C(s) S(s) D(s) 7
1 0 0 1 1

Solving this for n and n’ yields
1 —5(s)|D(s) + S(s)D’(s)

n(s) =

2(1 — cos ) ’
ey L= CEIDE) +C5)D)
2(1 — cos ) '
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e In general, the matrix’s dispersion term D(s) # n(s), but rather

dx Ox
n(s) = 5 whereas D(s) = %

(Some authors have muddled this point by using D(s) for both quantities.)
e 2,(s) =n(s)d is the inhomogenious part of the trajectory due to dispersion.

e Total horizontal trajectory component: x(s) = xg(s) + x,(s).

e 13 is contribution from betatron oscillation.
o
e Momentum spread o, smears beam out with Oz, = 1] -2,
Do

e Total horizontal spread:

e Must add spreads from independent variable in quadrature.
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Momentum compaction

: AL /Ap
e Momentum compation: «, = 17
p

with the circumference being given by

L:%ds, and L—I—ALzy{da, (1)

where do is an infinitesimal arc of trajectory referred to an off-momentum
particle, while ds is referring to a particle with the design momentum.

e Since both ds and do cover the same infinitesimal azimuthal angle

d d
d0=—_ 2  Gehave do= (1 + w—p> ds.
p+z, p p

e So AL:%ﬁds.
o
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Using the relation, x,, = 19, produces

AL = @ @ ds,
p J p(s)

and gives the momentum compaction as

1),
ap_Lj{p(s)d'
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RHIC optics functions

/B [m2
o

i N [ | | | !\
5 Qomommmmmmmm&/ \b»oouoommmmmomumQ/ \Q»uumommmommwM/ \)»0ouommommmmom«f/ OO

2 H‘ al [ IR ‘HH‘ all AR ‘HH‘ (I ‘HH‘ LRI ‘HH‘ (A ‘HH‘ L RRACCERRAT ‘\

_1 I I I I I I I
0 500 1000 1500 2000 2500 3000 3500 4000

s [m]
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 Blue: Phenix IR

VB [m™

n [m]

500 550 600 650 700 750 800
S [m]

Q= 28.695, Qy =29.685, B,y = 0.7m.
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AGS optics functions

OO OO GO0

gamma=25.38 with no snakes
24.0 Linux version 8‘.23/08 ‘

BX By DX Dy

22.6 — ) - 2.25

Nilawawh NV /| o L = 807.076 m,
sl || | , s Qp = 8.6648,
AL Al @ Qy = 8.7288
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e Superperiodicity: P = 12. (1st superperiod + 1 dipole plotted)
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RHIC Commissioning: bad dispersion

Dispersion measurement, ¥=10.245 to 10.210, May 2 2000 (log 22, p 34)
Orbits in $APP_STORE/RhicOrbitDi spl ay/Blueforbit_data/May02GammaScan
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Dispersion measurement, ¥=10.245 to 10.210, May 2 2000 (log 22, p 34)
4 Orbits in $APP_STORE/RhicOrbitDispl ay/Blueforbit_data/May02GammaScan
————— T B e e T
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e Modelled with Q8-Q9 trim supplies reversed at IR’s 6 and 2.
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Horizontal beta measuerments after PS fix

Horizontal Beta function measurement, y=10.245, May 2 2000 (log 22, p 34)

30 Orbltflle SAPP STOREIRMGOM&WB!WOI‘Ht dmwzemmasmm 245.3.sdds
- LB v v ' v 1 1 ' l L Ll Ll 1 L L

. —— Design, IP&/8 q89 reversed
s © Measured orbit RMS (* 3.48)
25 S | -
20 | 5 :
b
E
n 156
=%
©
‘E .
<= 10 .
O |v
o | ‘| i
(HER A L !
5 ”l” “ﬂ’. ‘I|
0

M|

I i i
0 500 1000 1500 2000 2500 3000 3500
S coordinate [m]

AN, USPAS: Lectures on Strong Focusing
q”s Waldo MacKay January, 2013
J

= 49 =



Vertical beta measuerments after PS fix

Vertical Beta function measurement, y=10.245, May 2 2000 (log 22, p 34)
Orbit file: $APP_STORE/RhicOrbitDisplay/Blue/orbit_data/May02GammaScan/10.245.3.sdds
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