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Today: 1D+ and 2-3D+

= Bending Transverse Lattices (FODO) =

* Review: FODO cell, with dipoles
—> = FODO cell dispersion suppressors

= Achromats
. Doglgés and achromatic doglegs _/
Chicanes and bunch compressors — N
Z Double bend achromat = Cdres (e )
= Triple bend achromat %
= (Multi-bend achromat (HM%))
= 4D/6D manipulation<
= Transverse/longitudinal emittance exchange
= (Flat to round/round to flat transforms) =

@&
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(Review: Matrices of Magnetic Elements)

= For our purposes yet again:

" All motion is linearized (x/> 'y (w/) o
45
2 1

XL =

Px
Po

1 L .
= Linear transport matrices: Mqyift = ( ) Book A.1.1

= 0 1
D{/U)QVKXSD 1 () Book A.1.6
— Mquad ~ B 1 /f 1 for thin quads
= (Sector) dipole includes constant fractional momentum offzet
4 cosf) psinf p(l — cosb) 45 0 = p—f
| =1|1sind cosé sin @ x’
5 P 0 0 /1, S Book A.1.2
9 1 for subset of phase

space

—_—_——_———— sS—s———

@&
T. Satogata / January 2019 USPAS Accelerator Physics 5 -,



(Review: Dispersion)

=  Add explicit momentum dependence to (inearized) €equation of motion

Sverls )
9 © i _ = - 05 Ve
E e, BRI e RO s
\ m Cl‘kgx ) —— H\‘ — M
Perturb our zero-dispersion solution to find W M
DES
x(s) = C(s)wo + S(s)wo + D(5)do BT o
v'(s) = C'(s)wo + 5'(s)zg + D'(5)do
D/ {56
C(s) S(s) D(s)\ [0 P
z'(s) | = | Cl(s) S'(s) D'(s) T y M
0 0 1 5 L
\
The trajectory has two parts: / S/ “linear*
g daz

——— |z(s) = betatron—l—n S Ng(s) =

) JSA
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(Review: Dispersion)

= Substituting and noting dispersion is periodic, (s + C) = nx(s)

_—

@Y (Ce) SG6) D)\ [n()\/ ,
775;;((5)) = C’(S) S’(s) D’(S) 77:’1;(5) achromat : Q_:: 2’: 0

0 0 1 /‘(O»JWU\X de»w»i?o

s — oo

* |f we take 6y = 1 we can solve this in a clever way

(ZED - @((88)) 525))) @ED ’ (3((?)) - (ZED ’ (3((?))
- (0) = (o) = [Ghe) = (o))

/

_ 1 =5(s)lD(s) + S(s)D'(s) ~
") = T s ey
11— C(s)|D'(s) + C7(s) D(s)
2(1 — cos )

= Solving gives

n'(s) =

D JSA
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Review: FODO with dipoles
e

\ ) / \
x (- -4 [ \
\ ‘ ‘ ‘
1 | |
| ! 1 | |

/ \ |
/ / \ /
/ \ /
/

~-1/2f  1/f  —1/2f
= A periodic lattice without dipoles has no intrinsic dispersion

= Consider FODO with long dipoles and thin quadrupoles
= Each dipole has total length pfc/2 so each cell is of length L = pf¢

= Assume a large accelerator with many FODO cells so ¢ < 1

10 0 1 L Lie 1 0 0
M2f(21f 1 O) Mdipole(o 1 970 Mf(} 1 0)
0 0 1 0 O 1 0O 0 1
M~ ZCiV\ Mropo = M_of Mgipole M f Maipole M2
@k p(ied) E( ) )

\ 0 0 1 )

@&
T. Satogata / January 2019 USPAS Accelerator Physics 6 ‘~ -



= Like 3 before, this c

= Changing periodicityz to defocus_jng quad centers gives 7,
1 — 1

eta_min/L, eta_max/L

1.2

Review: FODO with dipoles

»

:lﬁc_1+%$n%_
4 sin? 5

L

2

Sin

H
2

Sin

2 p

2

noice of periodicity gives us 7,

1., = 0 at max

N

T

' — 0 at min

2T

| |
eta max/L ——

eta min/lL ———

0. = T (25 FODO cells)

——
———

|

1 1
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Phase advance/cell [deg]
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quadrupole 35§
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Review: RHIC FODO Cell

ve = 0.2238 v, = 0.2372

,,,,, T - T - T r —y T
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Dispersion suppressors  MATCHING,

\

NoN -YEIOD D\ ¢ \
= The FODO dispersion solution is non-zero everywhere -]

= But in straight sections we often want 7, = 1, =0
* e.g. to keep beam small in wigglers/undulators in a light source

= We can “match” between these two conditions with with a

T —— g g
e dispersion suppressor, a non-periodic set of magnets , 7.V oS
U= that transforms FODO ("2, 1z) to zero. D((ﬁ = ] W°
\ ’W W W -
/‘/\\A )U\% \ H‘ |'I'|' t'/\\'l l‘\'. llll" |"/ /V]- r M'l K O
/ ‘l ‘I | |‘ J | || ‘.
/ [ \ ,"' .""' l'a,\ ' [\
ROV VAL

' o v - \ s
ooty —vj2f B2 g 02—y 2 yyp B2 1)y aope

—————

= Consider two FODO cells with different total bend angles 01, 02
« Same quadrupole focusing to not disturb Bz, lz much
/ A
. We want this to match (2> 1) = (72, 0) to (72, 71,) = (0,0)

» a; = 0 at ends to simplify periodic matrix
; — JSA
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Dispersion suppressors B
P PP L/“"‘Wf\"\

Zero dispersion 1’!) (0 COS_?E%,U;U ﬁiy_,s;nzﬂw D_(§) Nz » _oFODO peak

area ”b‘ 0 = | —== z,ux COS 2Ly D’f S) 0 4 “[»=" dispersion,

slope n’ =0 1 0 0 1 1 slope n’ =0
— /7

¢ b M (70

o) =5 (14 55) [ (3= i) 0, "

e % o= (1= ) | (- 4]}) o

multiply matrices =

Sf e >
Lo g & J oo

) N
91:(/W )9 92:( 1,0,)?9% O\WW@NX‘(

Zli;iDQ 57) = = 4sin® &

)

= 01 + 03] two cells, one FODO bend angle — reduced bending

) JSA
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FODO Cell Dispersion and Suppressor

70
betax
60 |- betay
g 50 dispx* 10
Q.
O %\ 40
M 3
3 | 30 |-
Q
>
g\ 20
0
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0
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70 1 l | | | | b |
etax
60 - Dispersion-free Insertion betay -
E 50 dl p *10Q _
>
S 40 n
=
T 30 i}
L
L
10 —
0 uv\hﬂ/\}(' SN
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FODO CeII Dispersion and Suppressor

betax
60 |- betay
E 50 dispx*10
a
£ ‘ ‘ ‘ ‘
S
© 30
Q
o
E 20
10
0
0 20 40 60 80 100 120 140 160 180
70 ,
_ _ _ betax
60 Dispersion-free Insertion betay n
E 50 dispx*10 _
>
S 40 n
=3
z 30 -
L
8 20 i
3 )Q
1 l 7
50 100 150 200 250 300 350
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Mismatched Dispersion

= \What does mismatched dispersion look like?

= For example, this is what happens when the second

dispersion suppressor is eliminated and the dipole-free
FODO cells run right up against the FODO cells with dipoles

40 | | | [ | | |
betax
3 < betay 7
PR
30 | Y 6& | | dispx*10 .
cf&%& Dispersion
S 25 Dispersion Mismatch — |
° free not periodic!
§ 20 - Insertion m
©
© 15 |
L
10 B
o | _
J 7 -
0 — | ] | | | | -
0 20 40 60 80 100 120 140 160

S
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RHIC Lattice Revisited

150( I!]IIIII

.
o
o
M
7

I

/7 low-beta insertion !

Missing dipole dispersion suppressor i
125 \ i

I . .

b e——— lQu-beta insertion I.’
I I
1

Horizontal | ! Vertical : matching |

-
o
o

0
o

By y(s) function [m]
&
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100 200 300 400 500 600
S coordinate [m]

= Note modular design, including low-beta insertions
» Used for experimental collisions

= Minimum beam size o (with zero dispersion)
* maximize luminosity

= |Large o, beam size in “low beta quadrupoles”
= Other facilities also have longitudinal bunch

compressors (this—aftermoon)

)
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MW %Q@m - < :
S\t Doglegs M

>

Y 0 b ‘
T @ =0 bend | +0 bend

Drift L or other optics

—_—

= Displaces beam transvérsely without changing direction

e ——————

= \What is effect on 6D optics?

L/
( cos b psin 0 0 0 O p(1 — cos ) \
—% sin 0 cos 6 0O 0 O sin 6
0 0 1 6 0 0
Maipote(p; 0) = 0 0 0 p1 0 0 )
—sinf  —p(l—cosf) 0 0 1 Lé!fézg—p(ﬁ—sinﬁ) =My, (2»5
0 0 O 0 O | 1

= Be careful about the coordinate system and signs!! Cvewmatie (oleayon Qw\ac5>

» |f p,0>0, positive displacement points out from dipole curvature

= Be careful about order of matrix multiplication!
T e

@
T. Satogata / January 2017 USPAS Accelerator Physics 14



Reverse Bend Dipole Transport

* What is the correct 6x6 transport matrix of a reverse bend dipole?

= It turns out to be achieved by reversing both p and 6 L=p © >o
= pO=L (which stays positive) so both must change sign
/ cos 6 psin 6 0O 0 O —p(1 — cos ) \
—% sin 6 cos 6 0O 0 O —sin 6
e I S R S S
——
sinf| | p(l—cosf)| 0 0 1 |L/(¥?B?) p(f —sinb)
\ 0 0 00 0 171 J
e\ &
/1 L 000 0 ) O\Q 0
01 0 0 0 0 | A1 ¢
o 00 1 L 0 0 /2_/9
At o 000 010 0 ]
0 0 0 0 1 [L/(7%28%)
\0 0 0 0 O 1

@&
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(Aside: Longitudinal Phase Space Drift)

= Wait, what was that Ms; term with the relativistic effects?

= Recall longitudinal coordinates are (z, )

= This extra term is called “bwrift”: not in all codes!
* Important at low to modest energies and for bunch compression
* Relativistic terms enter converting momentum p to velocity v

1 1 | ] ]
02 | l
Positive 6 move forward in bunch
0.1 F :
™
e O 7
w0 "
01 L ) )
Negative § move backward in bunch -
-0.2 |~ " .
| | | | |

4 2 0 2 4
. relative z position [mm]
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Weak Dogleg

Mdipole (/07

Mdogleg — Mdipole(p7 Q)Mdrifthipole(_py _9) 67({5 \%
Check
1 o0 22N\ (1 L 0\ (1 po 22\ sign
Mweak dogleg — 0 1 0 0 1 O 0 1 —0
0 O 1 0 0 1 0 O 1
1 -é 2.@-‘? —L0 (77777/ in = 0
=0 T 0 /
= (1,17 )out = (—L6,0
X ) . 7,1 Jout = (—L0,0)

Strong dogleg can also be derived:

Lsin?20 €
D = —Lcosfsind D = S

P
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%saﬁ%ﬁ;@ Dogleg Dispersion

=0 T 1 I T T T
etax

etay

For weak dogleg

(1,17 )in =0
= (1,7 )out = (=L, 0)

Dispersion function [m]
o
(@]
|

0.8 - _
*’\ﬂ\ i |
I~ —4m 9=008rad = L0=112m ~Does this make sense?
-1.2 | | — l l | |
s coordinate [m]
BL q q
Ax'(§) = —— = BLl~ 2[BL|(1=06)=(1-808Ax"(6 =0
| 470 = (5 = g PH = IPH0 -9 = (1= 9ar =0

A small momentum offset of +4 reduces the dipole kick by a factor of delta, and this is
magnified to a transverse offset from design at the end of the dogleg by —dL#.

) (A &JSA
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Achromatic Dogleg

» How can we make an achromatic dogleg?
VE 00 )in = (0m,0) T (7,7 )ous = (0 m,0) ACHFOMATS
— — —_—

/
Q 15 i
M /o = ( ) =J  (Recall J* =1)
V4
cos(20) psin(20)
Machromatic dogleg — _w COS(2(9) achromatic!
0 0 —

= Any transport with net phase advance of 2nzw will be
achromatic (n if all dipoles bend in samedirection)

« common trick for matching dispersive bending arcs to non-
dispersive straight sections.

)
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Achromatic Dogleg

eta function [m]
AP LOMN -2 O MW

0 50 100 150 200 250 300
s coordinate

) JSA
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Achromatic Dogleg: Steffen CERN School Notes

Example of nondispersive translating system
S o vosEa ()

® = sector magnet bend. angle

9 = 2/k = quadrupole magnet phase
angle

d,A = drift space lengths,

The system is nondispersive if the
sinelike trajectory (with respect to
the central symmetry point) goes
through the mid-point of the bending
magnets, i.e, if

otani + A= 1 dvk'cosg+2sing L/
c T d&.S"I'W-Zcoscp

Focusing also in the other plane may
be obtained by adding a third quadru-
pole of opposite polarity at the sym-
metry point,

Fig. 15: Nondispersive translating system,

K. Steffen, CERN-85-19-V-1, 1985, p. 55 @ @JSA
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( First-Order Achromat Thgorem) ‘
= A lattice of n repetitive cells is achromatic (to first order, or

in the linear approximation) iff M"™ = I or each cell is

achromatic
= Proof: . .
Consider R = M d where | 2’| =R | 2 d — M
0 5 5 Mo
— 2 1

n n—1 n—2
For n cells : R”:(M (M R +"'+I)%

0 1
but (M" '+ M" 4+ ... +)=M"-1)(M—-1)""

n n  1\—1
Soforncells: R" = (NOI (M I)(i\/I I) CZ)

» So the lattice is achromatic only if d = 0 or M" =1

M"™ =1cos pitor +J Sin pyor = Utor = 27k
— %, —

(S.Y. Lee, “Accelerator Physics”
T. Satogata / January 2017 USPAS Accelerator Physics
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g% ( RLE ToeEa )

l % +6 bend Lbend =0 bend

. Dive[ygeam around an obstruction \Q 8>° ~ LW@/“V\ ovesed <9 Ld@«w

" eq. \{ﬂtical bypass chicane in Fermilab Main Ring &
* e.g. horizontal injection chicane in CEBAF recirculating linac
» Essentially a design orbit “4-bump” (4 dFip?o_I_e_s)

» Usually need some focusing, optics between dipoles

= Usually design optics to be achromatic
= Operationally null orbit motion at end of chicane vs changes in input v

beam energy M

Naively expect M;5<0 (bunch lengthening or decompression)

= Higher energy particles (+6) have shorter path lengths
= But can compress bunches with introduction of longitudinal correlation

@~
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200

.}effersbn Lab

@ AGS to RHIC (ATR) Transfer Line

Y Transfer H— V

low-

B foil insertion

d < O

\""

FODO

\/\/\/\A/\/ \/\/\/\/@MJ

nunmmmnﬂﬂl_u

\\\ — |
\Y

\%orlzontal dispersion
AAAN

L = v,

Vertical dispersion

VUV

(vertical dogleg) *_/

Z

s [m])

583.2

Linac .\J\ i
AGS-RHIC Complcx\ Tandem

r—.—.—]

The ATR vertical dogleg is not strictly a dogleg since the planes of the
AGS and RHIC accelerators are not parallel
T. Satogata / January 2017
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(CEBAF )

Recirculating Arcs

Spreader

( 6[ "5\ J
oM
North Linac \z‘m 2

20 Cryomodules /%3
2 \

$

Injection chicane \

Injector

. ) Recombiner
" / South Linac
— 20 Cryomodules
Experimental
Halls

) JSA
Jefferson Lab T. Satogata / January 2017 USPAS Accelerator Physics 25 @ @



CEBAF Spreaders/Recombiners

* Problem: Separate different energy beams for transport
into arcs of CEBAF, and recombine before next linac

= Achromats: arcs are FODO-like, linacs are dispersion-free
= “I" insertion: 1 betatron wavelength between dipoles

» Single dogleg: unacceptably high beta functions

= Two consecutive “staircase” doglegs with same total phase
advance was solution

- %""

A 3 AA O = pARS 4___"-__—&:.:—— = p— ®
pe — - - T AKES — XA -~ - -
A T I °- - EeT -

e e — s —LGor—C o o o
- m u TFew rYY - e~ - < )

EAST ARC ELEVATION
= Still quite a challenge in physical layout of real magnets!

—_——

D. Douglas, R.C. York, J. Kewisch, “Optical Design of the CEBAF Beam Transport System”, 1989
= B =
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CEBAF Spreaders/Recombiners

L] T I Al Al T T [ L o L4 Al l v T [ L L lo
-~ - : os “One step” recombiner
= i — Unacceptably large vertical
_______ /\ 1o beta function/beam size
N ‘ ‘ 950 m
Dispersion (Qﬁ ) _
. f \,/‘
* 200 - ‘1
100 |- ‘ v , l T ] 10
: R .
0 a - 05
350 360 370 380 .
Path Length (m) , s ‘"
- - 0.0
15 :
1 . ” . : ) ;:
Staircase” two-step recombiner o s " J-0s
Acceptable beta functions and . )
. . = E
beam sizes in both planes —-10
(100 m) jf/ :
— -3.9
A A A ] 1 A A A A A L A A A 1 A A L ) _20
370 J80 380 400 410 420

)
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(xkcd interlude)

http://www.xkcd.org/964/

This is known in accelerator
lattice design language as a
“double bend achromat”

FP<>

> @
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Double Bend Achromat (approximate)

quadrupole

dipale drift ‘\ drift dipole <f &/\\NQ
\ ./D ‘.-_
N\‘MA v T S ) 'y -©
y f ("
P LV L *
QR L:[)Q - f L:pg ('Vl{‘)qza
_ J %' M
= |et's calculate constraints for the double bend achromat > ( j{’o > 0\,;
— r

—% sinf? cos# sin #

cosf)  psinf p[l — cosd]
AIdlpOle —
0 0 |

Keep lowest-order terms in 0, including 62 in upper right term since p6=L

1 L L6/ q <1

0 0 1

) JSA
-!efferson Lab T. Satogata / January 2017 USPAS Accelerator Physics 29 @ é‘



Double Bend Achromat (approximate)

1 L Lb/2 110 1 00 1 1 0 1 L L#/2
Mppa =0 1 ¢ 010 -+ 10 010 01 ¢
00 1 0 0 1 0 0 1 0 0 1 00 1

o L+ -L-1)
YV(U/VK\C:M\LU\ ; _ I
Wy oo ML+UHf—L—%)F?
) .
I
C' = -
==
o _ 1__(L+l)=C,
-~ f
, 4f—L—-21) D
9—= ’ 2f T L+1

; JSA
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Double Bend Achromat (approximate)

= The periodic solutions for dispersion for the general M
matrix were shown in class earlier today

1-SD+5D &

n(periodic) =

_— 2(1 — cos )
n' (periodic) = 1-CID+CD =0_ =
—— 2(1 — cos u)

= |t turns out that the 77 equation is satisfied automatically!

= This is a consequence of the mirror symmetry of the system
= The 7] equation is satisfied if D=0:

DZH(L+Z)(4§f—L—21) _ & ‘D@(O

> Af—-L-21=0 =

)
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Double Bend Achromat

eta function [m]

0 2 4 6 8 10 12 14 16 18 ()
L=1=2m 6 =0.01rad f:L+2l:1.5m (KLquad):O.667m_1 )]

— 4 — — 4
[ p 6\/[’¢W

Exact DBA . f — 5 —|— 5 tan(9/2) f] — 10(1 — COS 9) —|_ lSiIlH ﬁ BOH/DN\\(V
= DBA is also known as a Chasman-Green lattice _ @

= Used in early th[d-‘generati\on light sources (e.g. NSLS at BNL)

= More after we discuss synchrotron radiation, H functions
——

) (3 &JSA
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Triple Bend Achromat Cell (ALS_at LBL)

I I I
Good reasons to minimize integral of dispersion in dipoles
(next week)
30 F Extra quadrupoles help with matching at ends of cell, a, ,=0 -

X,y

0 M
gt (2 FAMALIES D
O = (FAAW
)V VW a0 s ll 1
() D 10 15
s |m]

L. Yang et al, Global Optimization of an Accelerator Lattice Using Multiobjective Genetic Algorithms, 2009

—_—
) JSA
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MO \ID WA Ay % N‘de\«g\ Crommsvese o
%verselLong;t%i,nal Emittance Exchange

« X-ray FELs demand ultra-low transverse emittancem%

beam”™ \
p7500(ce . SN g 5L ) e Ne \“V%LUM_ (Vo5

« State-of-the art photo-injectors can generate low 6-D
emittance. Typically asymmetric emittances.
Emittance exchange can swap transverse with the
longitudinal emittance.

 Allows one to convert transverse modulations to
longitudinal modulations : Beam shaping application

« (Can also be used to suppress microbunching
instability™*

J.C.T. Thangaraj, Experimental Studies on an Emittance Exchange Beamline at the A0 Photoinjector, 2012

) - ’*@ JSA
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Fermilab A0 Emittance Exchanger

Dogleg 3.9 GHz Dogleg
D1 M40 T
— 6 . Bending angle
j n : dogleg dispersion
- final e- L : dogleg length
LnL:tr:ill-\e_ D4 bench (LC . RF cell length / R

NoT TMpo | /

L. (4L+L.) 0(4L+L.)
1 L.
4 41?7 4 /g; 9
9(4L+Lc) | QLC QQLC =~ € ¢
—0 n 1 1+ ™
7 4

1 AL+ L, 0L, 1 4 0L \ d

7 4n 4m?> - 4n

J.C.T. Thangaraj, Experimental Studies on an Emittance Exchange Beamline at the A0 Photoinjector, 2012

) JSA
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TM110 RF Cavity Mode

—

(a) E. interacting with head (b)  B(r,0) excited by head

< < < < S < <

- - < = < -

K~ & e & ¢« \E

— —

— — — — &~ —

d ¢ ¢ — — —

— — — — — —

— — e &«

« - - - « « «

Beam — > ¢ 2 ¢ ¢ ¢
s Fa J ?T 1 A —A——+ -
Tail, @ ="Ney 2 [ Head, =N e/2
- - - - - - -
I T T e S e

R T e e e |
- S S -5 > o
e e e T T o R
e T S —3
I T S S S
= E = E E B E

: : : : : : : \4
< >

h

Figure 14.6 in textbook
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Chicane Style Emittance Exchange

DAO XIANG et al Phys. Rev. ST Accel. Beams 14, 114001 (2011)
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FIG. 2. A chicane-type exact EEX beam line. Two quadrupoles (green diamonds) are put upstream of
the transverse cavity o rey k‘l\\‘ﬁp\‘!\um.

= Reversing dispersion before the TM cavity allows you to
flip the second dogleg to make a chicane

= More transversely compact emittance exchange
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