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“It is obvious that...”

There is a story about the English mathematician G.H. 
Hardy... In the middle of delivering a lecture, Hardy 
arrived at a point in his argument when he said, “It is now 
obvious that...” Here he stopped, fell silent, and stood 
motionless with a furrowed brow for a few seconds. He 
then walked out of the lecture hall.

Twenty minutes later he returned, smiling, and began, 
“Yes, it IS obvious that...”

§ John Derbyshire, “Prime Obsession: Bernhard Riemann and the 
Greatest Unsolved Problem in Mathematics” 
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Refresher and Review: Section 3.1
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Refresher and Review: Section 3.1
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Interesting Observations

§ is independent of s: this is the betatron phase 
advance of this periodic system

§ Determinant of matrix M is 1!
§ Looks like a rotation and some scaling
§ M can be written down in a beautiful and deep way
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<latexit sha1_base64="KJ+hYN56c/TIIh6hS/xoDvw7/2E=">AAACEXicbVBLagJBFOwxP2N+k88umyYSMBuZkUDcBIRsslSIGlAZetqnNnbPDN09ohnmFLlAtskNsgvZ5gS5QM6R9rOImoIHRdV71KP8iDOlHefbymxsbm3vZHdze/sHh0f28UlDhbGkUKchD+WjTxRwFkBdM83hMZJAhM+h6Q/vpn5zBFKxMHjQkwg6gvQD1mOUaCN59llbxF5SGF+l+BaX2hHDNW/s2Xmn6MyA14m7IHm0QNWzf9rdkMYCAk05UarlOpHuJERqRjmkuXasICJ0SPrQMjQgAlQnmX2f4kujdHEvlGYCjWfq34uECKUmwjebguiBWvWm4n9eK9a9cidhQRRrCOg8qBdzrEM8rQJ3mQSq+cQQQiUzv2I6IJJQbQpbShkAH4FOc6YYd7WGddIoFV2n6Nau85XyoqIsOkcXqIBcdIMq6B5VUR1R9IRe0Ct6s56td+vD+pyvZqzFzSlagvX1CynLnGo=</latexit><latexit sha1_base64="KJ+hYN56c/TIIh6hS/xoDvw7/2E=">AAACEXicbVBLagJBFOwxP2N+k88umyYSMBuZkUDcBIRsslSIGlAZetqnNnbPDN09ohnmFLlAtskNsgvZ5gS5QM6R9rOImoIHRdV71KP8iDOlHefbymxsbm3vZHdze/sHh0f28UlDhbGkUKchD+WjTxRwFkBdM83hMZJAhM+h6Q/vpn5zBFKxMHjQkwg6gvQD1mOUaCN59llbxF5SGF+l+BaX2hHDNW/s2Xmn6MyA14m7IHm0QNWzf9rdkMYCAk05UarlOpHuJERqRjmkuXasICJ0SPrQMjQgAlQnmX2f4kujdHEvlGYCjWfq34uECKUmwjebguiBWvWm4n9eK9a9cidhQRRrCOg8qBdzrEM8rQJ3mQSq+cQQQiUzv2I6IJJQbQpbShkAH4FOc6YYd7WGddIoFV2n6Nau85XyoqIsOkcXqIBcdIMq6B5VUR1R9IRe0Ct6s56td+vD+pyvZqzFzSlagvX1CynLnGo=</latexit><latexit sha1_base64="KJ+hYN56c/TIIh6hS/xoDvw7/2E=">AAACEXicbVBLagJBFOwxP2N+k88umyYSMBuZkUDcBIRsslSIGlAZetqnNnbPDN09ohnmFLlAtskNsgvZ5gS5QM6R9rOImoIHRdV71KP8iDOlHefbymxsbm3vZHdze/sHh0f28UlDhbGkUKchD+WjTxRwFkBdM83hMZJAhM+h6Q/vpn5zBFKxMHjQkwg6gvQD1mOUaCN59llbxF5SGF+l+BaX2hHDNW/s2Xmn6MyA14m7IHm0QNWzf9rdkMYCAk05UarlOpHuJERqRjmkuXasICJ0SPrQMjQgAlQnmX2f4kujdHEvlGYCjWfq34uECKUmwjebguiBWvWm4n9eK9a9cidhQRRrCOg8qBdzrEM8rQJ3mQSq+cQQQiUzv2I6IJJQbQpbShkAH4FOc6YYd7WGddIoFV2n6Nau85XyoqIsOkcXqIBcdIMq6B5VUR1R9IRe0Ct6s56td+vD+pyvZqzFzSlagvX1CynLnGo=</latexit><latexit sha1_base64="KJ+hYN56c/TIIh6hS/xoDvw7/2E=">AAACEXicbVBLagJBFOwxP2N+k88umyYSMBuZkUDcBIRsslSIGlAZetqnNnbPDN09ohnmFLlAtskNsgvZ5gS5QM6R9rOImoIHRdV71KP8iDOlHefbymxsbm3vZHdze/sHh0f28UlDhbGkUKchD+WjTxRwFkBdM83hMZJAhM+h6Q/vpn5zBFKxMHjQkwg6gvQD1mOUaCN59llbxF5SGF+l+BaX2hHDNW/s2Xmn6MyA14m7IHm0QNWzf9rdkMYCAk05UarlOpHuJERqRjmkuXasICJ0SPrQMjQgAlQnmX2f4kujdHEvlGYCjWfq34uECKUmwjebguiBWvWm4n9eK9a9cidhQRRrCOg8qBdzrEM8rQJ3mQSq+cQQQiUzv2I6IJJQbQpbShkAH4FOc6YYd7WGddIoFV2n6Nau85XyoqIsOkcXqIBcdIMq6B5VUR1R9IRe0Ct6s56td+vD+pyvZqzFzSlagvX1CynLnGo=</latexit>

Mn = eJ(s) (µn)
<latexit sha1_base64="94FRMJCKJ2JePivi1iTu5MIGfvk=">AAACFHicbVDJSgNBEO2JW4zbqAcPXhqDkFzCjAQURAh4EUGIYBbIRk+nkjTp6Rm6ewJhmN/wB7zqH3gTr979Ab/DznIwiQ8KHu9VUVXPCzlT2nG+rdTa+sbmVno7s7O7t39gHx5VVRBJChUa8EDWPaKAMwEVzTSHeiiB+B6Hmje8nfi1EUjFAvGkxyG0fNIXrMco0Ubq2CcPbYFvMLTj+5zKN69zTT/CIp907KxTcKbAq8Sdkyyao9yxf5rdgEY+CE05UarhOqFuxURqRjkkmWakICR0SPrQMFQQH1Qrnj6Q4HOjdHEvkKaExlP170RMfKXGvmc6faIHatmbiP95jUj3rloxE2GkQdDZol7EsQ7wJA3cZRKo5mNDCJXM3IrpgEhCtclsYcsA+Ah0kjHBuMsxrJLqRcF1Cu5jMVsqziNKo1N0hnLIRZeohO5QGVUQRQl6Qa/ozXq23q0P63PWmrLmM8doAdbXL369nQ0=</latexit><latexit sha1_base64="94FRMJCKJ2JePivi1iTu5MIGfvk=">AAACFHicbVDJSgNBEO2JW4zbqAcPXhqDkFzCjAQURAh4EUGIYBbIRk+nkjTp6Rm6ewJhmN/wB7zqH3gTr979Ab/DznIwiQ8KHu9VUVXPCzlT2nG+rdTa+sbmVno7s7O7t39gHx5VVRBJChUa8EDWPaKAMwEVzTSHeiiB+B6Hmje8nfi1EUjFAvGkxyG0fNIXrMco0Ubq2CcPbYFvMLTj+5zKN69zTT/CIp907KxTcKbAq8Sdkyyao9yxf5rdgEY+CE05UarhOqFuxURqRjkkmWakICR0SPrQMFQQH1Qrnj6Q4HOjdHEvkKaExlP170RMfKXGvmc6faIHatmbiP95jUj3rloxE2GkQdDZol7EsQ7wJA3cZRKo5mNDCJXM3IrpgEhCtclsYcsA+Ah0kjHBuMsxrJLqRcF1Cu5jMVsqziNKo1N0hnLIRZeohO5QGVUQRQl6Qa/ozXq23q0P63PWmrLmM8doAdbXL369nQ0=</latexit><latexit sha1_base64="94FRMJCKJ2JePivi1iTu5MIGfvk=">AAACFHicbVDJSgNBEO2JW4zbqAcPXhqDkFzCjAQURAh4EUGIYBbIRk+nkjTp6Rm6ewJhmN/wB7zqH3gTr979Ab/DznIwiQ8KHu9VUVXPCzlT2nG+rdTa+sbmVno7s7O7t39gHx5VVRBJChUa8EDWPaKAMwEVzTSHeiiB+B6Hmje8nfi1EUjFAvGkxyG0fNIXrMco0Ubq2CcPbYFvMLTj+5zKN69zTT/CIp907KxTcKbAq8Sdkyyao9yxf5rdgEY+CE05UarhOqFuxURqRjkkmWakICR0SPrQMFQQH1Qrnj6Q4HOjdHEvkKaExlP170RMfKXGvmc6faIHatmbiP95jUj3rloxE2GkQdDZol7EsQ7wJA3cZRKo5mNDCJXM3IrpgEhCtclsYcsA+Ah0kjHBuMsxrJLqRcF1Cu5jMVsqziNKo1N0hnLIRZeohO5QGVUQRQl6Qa/ozXq23q0P63PWmrLmM8doAdbXL369nQ0=</latexit><latexit sha1_base64="94FRMJCKJ2JePivi1iTu5MIGfvk=">AAACFHicbVDJSgNBEO2JW4zbqAcPXhqDkFzCjAQURAh4EUGIYBbIRk+nkjTp6Rm6ewJhmN/wB7zqH3gTr979Ab/DznIwiQ8KHu9VUVXPCzlT2nG+rdTa+sbmVno7s7O7t39gHx5VVRBJChUa8EDWPaKAMwEVzTSHeiiB+B6Hmje8nfi1EUjFAvGkxyG0fNIXrMco0Ubq2CcPbYFvMLTj+5zKN69zTT/CIp907KxTcKbAq8Sdkyyao9yxf5rdgEY+CE05UarhOqFuxURqRjkkmWakICR0SPrQMFQQH1Qrnj6Q4HOjdHEvkKaExlP170RMfKXGvmc6faIHatmbiP95jUj3rloxE2GkQdDZol7EsQ7wJA3cZRKo5mNDCJXM3IrpgEhCtclsYcsA+Ah0kjHBuMsxrJLqRcF1Cu5jMVsqziNKo1N0hnLIRZeohO5QGVUQRQl6Qa/ozXq23q0P63PWmrLmM8doAdbXL369nQ0=</latexit>

Describes single particle and centroid linear motion
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Convenient Calculations

§ If we know the transport matrix M, we can find the 
lattice parameters (periodic in C)
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One Turn Map
http://www.toddsatogata.net/2024-USPAS/OneTurnMap.html

http://www.toddsatogata.net/2024-USPAS/OneTurnMap.html
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3.2 Floquet Transformation

§ All these one-turn (or one-period) maps are points 
around concentric ellipses

§ There must be a transformation that separates out 
the ellipse parameters and the circular rotation

§ This is called the Floquet Transformation

M = T�1RT
<latexit sha1_base64="LHZIlF9NCcABlvp3pCGt87vfbNk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLIkUdCMU3LgRqvQFbVom05t26GQSZiaFEvIF/oBb/QN34tav8Af8DqdtFrb1wIXDOfdyLseLOFPatr+ttfWNza3t3E5+d2//4LBwdNxQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3uhu6jfHIBULRU1PInADMhDMZ5RoI3Uf8C2udZNLJ8VPuNYrFO2SPQNeJU5GiihDtVf46fRDGgcgNOVEqbZjR9pNiNSMckjznVhBROiIDKBtqCABKDeZfZ3ic6P0sR9KM0Ljmfr3IiGBUpPAM5sB0UO17E3F/7x2rP0bN2EiijUIOg/yY451iKcV4D6TQDWfGEKoZOZXTIdEEqpNUQspQ+Bj0GneFOMs17BKGlclxy45j+VipZxVlEOn6AxdIAddowq6R1VURxRJ9IJe0Zv1bL1bH9bnfHXNym5O0AKsr18n0Jkn</latexit><latexit sha1_base64="LHZIlF9NCcABlvp3pCGt87vfbNk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLIkUdCMU3LgRqvQFbVom05t26GQSZiaFEvIF/oBb/QN34tav8Af8DqdtFrb1wIXDOfdyLseLOFPatr+ttfWNza3t3E5+d2//4LBwdNxQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3uhu6jfHIBULRU1PInADMhDMZ5RoI3Uf8C2udZNLJ8VPuNYrFO2SPQNeJU5GiihDtVf46fRDGgcgNOVEqbZjR9pNiNSMckjznVhBROiIDKBtqCABKDeZfZ3ic6P0sR9KM0Ljmfr3IiGBUpPAM5sB0UO17E3F/7x2rP0bN2EiijUIOg/yY451iKcV4D6TQDWfGEKoZOZXTIdEEqpNUQspQ+Bj0GneFOMs17BKGlclxy45j+VipZxVlEOn6AxdIAddowq6R1VURxRJ9IJe0Zv1bL1bH9bnfHXNym5O0AKsr18n0Jkn</latexit><latexit sha1_base64="LHZIlF9NCcABlvp3pCGt87vfbNk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLIkUdCMU3LgRqvQFbVom05t26GQSZiaFEvIF/oBb/QN34tav8Af8DqdtFrb1wIXDOfdyLseLOFPatr+ttfWNza3t3E5+d2//4LBwdNxQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3uhu6jfHIBULRU1PInADMhDMZ5RoI3Uf8C2udZNLJ8VPuNYrFO2SPQNeJU5GiihDtVf46fRDGgcgNOVEqbZjR9pNiNSMckjznVhBROiIDKBtqCABKDeZfZ3ic6P0sR9KM0Ljmfr3IiGBUpPAM5sB0UO17E3F/7x2rP0bN2EiijUIOg/yY451iKcV4D6TQDWfGEKoZOZXTIdEEqpNUQspQ+Bj0GneFOMs17BKGlclxy45j+VipZxVlEOn6AxdIAddowq6R1VURxRJ9IJe0Zv1bL1bH9bnfHXNym5O0AKsr18n0Jkn</latexit><latexit sha1_base64="LHZIlF9NCcABlvp3pCGt87vfbNk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLIkUdCMU3LgRqvQFbVom05t26GQSZiaFEvIF/oBb/QN34tav8Af8DqdtFrb1wIXDOfdyLseLOFPatr+ttfWNza3t3E5+d2//4LBwdNxQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3uhu6jfHIBULRU1PInADMhDMZ5RoI3Uf8C2udZNLJ8VPuNYrFO2SPQNeJU5GiihDtVf46fRDGgcgNOVEqbZjR9pNiNSMckjznVhBROiIDKBtqCABKDeZfZ3ic6P0sR9KM0Ljmfr3IiGBUpPAM5sB0UO17E3F/7x2rP0bN2EiijUIOg/yY451iKcV4D6TQDWfGEKoZOZXTIdEEqpNUQspQ+Bj0GneFOMs17BKGlclxy45j+VipZxVlEOn6AxdIAddowq6R1VURxRJ9IJe0Zv1bL1bH9bnfHXNym5O0AKsr18n0Jkn</latexit>
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<latexit sha1_base64="KIZ111vsy69Wh+Bn5oAriI/+ySY="></latexit><latexit sha1_base64="KIZ111vsy69Wh+Bn5oAriI/+ySY="></latexit><latexit sha1_base64="KIZ111vsy69Wh+Bn5oAriI/+ySY="></latexit><latexit sha1_base64="KIZ111vsy69Wh+Bn5oAriI/+ySY="></latexit>
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3.2: Normalized Phase Space

§ If we define new coordinates                        then 

and motion is just circles with the trivial solution

M = T�1RT
<latexit sha1_base64="LHZIlF9NCcABlvp3pCGt87vfbNk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLIkUdCMU3LgRqvQFbVom05t26GQSZiaFEvIF/oBb/QN34tav8Af8DqdtFrb1wIXDOfdyLseLOFPatr+ttfWNza3t3E5+d2//4LBwdNxQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3uhu6jfHIBULRU1PInADMhDMZ5RoI3Uf8C2udZNLJ8VPuNYrFO2SPQNeJU5GiihDtVf46fRDGgcgNOVEqbZjR9pNiNSMckjznVhBROiIDKBtqCABKDeZfZ3ic6P0sR9KM0Ljmfr3IiGBUpPAM5sB0UO17E3F/7x2rP0bN2EiijUIOg/yY451iKcV4D6TQDWfGEKoZOZXTIdEEqpNUQspQ+Bj0GneFOMs17BKGlclxy45j+VipZxVlEOn6AxdIAddowq6R1VURxRJ9IJe0Zv1bL1bH9bnfHXNym5O0AKsr18n0Jkn</latexit><latexit sha1_base64="LHZIlF9NCcABlvp3pCGt87vfbNk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLIkUdCMU3LgRqvQFbVom05t26GQSZiaFEvIF/oBb/QN34tav8Af8DqdtFrb1wIXDOfdyLseLOFPatr+ttfWNza3t3E5+d2//4LBwdNxQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3uhu6jfHIBULRU1PInADMhDMZ5RoI3Uf8C2udZNLJ8VPuNYrFO2SPQNeJU5GiihDtVf46fRDGgcgNOVEqbZjR9pNiNSMckjznVhBROiIDKBtqCABKDeZfZ3ic6P0sR9KM0Ljmfr3IiGBUpPAM5sB0UO17E3F/7x2rP0bN2EiijUIOg/yY451iKcV4D6TQDWfGEKoZOZXTIdEEqpNUQspQ+Bj0GneFOMs17BKGlclxy45j+VipZxVlEOn6AxdIAddowq6R1VURxRJ9IJe0Zv1bL1bH9bnfHXNym5O0AKsr18n0Jkn</latexit><latexit sha1_base64="LHZIlF9NCcABlvp3pCGt87vfbNk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLIkUdCMU3LgRqvQFbVom05t26GQSZiaFEvIF/oBb/QN34tav8Af8DqdtFrb1wIXDOfdyLseLOFPatr+ttfWNza3t3E5+d2//4LBwdNxQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3uhu6jfHIBULRU1PInADMhDMZ5RoI3Uf8C2udZNLJ8VPuNYrFO2SPQNeJU5GiihDtVf46fRDGgcgNOVEqbZjR9pNiNSMckjznVhBROiIDKBtqCABKDeZfZ3ic6P0sR9KM0Ljmfr3IiGBUpPAM5sB0UO17E3F/7x2rP0bN2EiijUIOg/yY451iKcV4D6TQDWfGEKoZOZXTIdEEqpNUQspQ+Bj0GneFOMs17BKGlclxy45j+VipZxVlEOn6AxdIAddowq6R1VURxRJ9IJe0Zv1bL1bH9bnfHXNym5O0AKsr18n0Jkn</latexit><latexit sha1_base64="LHZIlF9NCcABlvp3pCGt87vfbNk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLIkUdCMU3LgRqvQFbVom05t26GQSZiaFEvIF/oBb/QN34tav8Af8DqdtFrb1wIXDOfdyLseLOFPatr+ttfWNza3t3E5+d2//4LBwdNxQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3uhu6jfHIBULRU1PInADMhDMZ5RoI3Uf8C2udZNLJ8VPuNYrFO2SPQNeJU5GiihDtVf46fRDGgcgNOVEqbZjR9pNiNSMckjznVhBROiIDKBtqCABKDeZfZ3ic6P0sR9KM0Ljmfr3IiGBUpPAM5sB0UO17E3F/7x2rP0bN2EiijUIOg/yY451iKcV4D6TQDWfGEKoZOZXTIdEEqpNUQspQ+Bj0GneFOMs17BKGlclxy45j+VipZxVlEOn6AxdIAddowq6R1VURxRJ9IJe0Zv1bL1bH9bnfHXNym5O0AKsr18n0Jkn</latexit>

~x1 = M~x0 = T�1RT~x0
<latexit sha1_base64="zHr3eXUxlVdkl9ZFZ0GZM59JO+I=">AAACKnicbVDLSgMxFM34rPU16tJNsAhuWmZEsBuh4MaNUKUvaMchk962oZkHSaZYhvkKf8MfcKt/4K64Fb/D9KHY1gOBc8+5l3tzvIgzqSxrZKysrq1vbGa2sts7u3v75sFhTYaxoFClIQ9FwyMSOAugqpji0IgEEN/jUPf612O/PgAhWRhU1DACxyfdgHUYJUpLrplvDYAmj6lr4yt8+1NYuqg8JHk7xfe4gn9l18xZBWsCvEzsGcmhGcqu+dVqhzT2IVCUEymbthUpJyFCMcohzbZiCRGhfdKFpqYB8UE6yeRbKT7VSht3QqFfoPBE/TuREF/Koe/pTp+onlz0xuJ/XjNWnaKTsCCKFQR0uqgTc6xCPM4It5kAqvhQE0IF07di2iOCUKWTnNvSAz4AlWZ1MPZiDMukdl6wrYJ9d5ErFWcRZdAxOkFnyEaXqIRuUBlVEUVP6AW9ojfj2Xg3RsbHtHXFmM0coTkYn9+TmaX7</latexit><latexit sha1_base64="zHr3eXUxlVdkl9ZFZ0GZM59JO+I=">AAACKnicbVDLSgMxFM34rPU16tJNsAhuWmZEsBuh4MaNUKUvaMchk962oZkHSaZYhvkKf8MfcKt/4K64Fb/D9KHY1gOBc8+5l3tzvIgzqSxrZKysrq1vbGa2sts7u3v75sFhTYaxoFClIQ9FwyMSOAugqpji0IgEEN/jUPf612O/PgAhWRhU1DACxyfdgHUYJUpLrplvDYAmj6lr4yt8+1NYuqg8JHk7xfe4gn9l18xZBWsCvEzsGcmhGcqu+dVqhzT2IVCUEymbthUpJyFCMcohzbZiCRGhfdKFpqYB8UE6yeRbKT7VSht3QqFfoPBE/TuREF/Koe/pTp+onlz0xuJ/XjNWnaKTsCCKFQR0uqgTc6xCPM4It5kAqvhQE0IF07di2iOCUKWTnNvSAz4AlWZ1MPZiDMukdl6wrYJ9d5ErFWcRZdAxOkFnyEaXqIRuUBlVEUVP6AW9ojfj2Xg3RsbHtHXFmM0coTkYn9+TmaX7</latexit><latexit sha1_base64="zHr3eXUxlVdkl9ZFZ0GZM59JO+I=">AAACKnicbVDLSgMxFM34rPU16tJNsAhuWmZEsBuh4MaNUKUvaMchk962oZkHSaZYhvkKf8MfcKt/4K64Fb/D9KHY1gOBc8+5l3tzvIgzqSxrZKysrq1vbGa2sts7u3v75sFhTYaxoFClIQ9FwyMSOAugqpji0IgEEN/jUPf612O/PgAhWRhU1DACxyfdgHUYJUpLrplvDYAmj6lr4yt8+1NYuqg8JHk7xfe4gn9l18xZBWsCvEzsGcmhGcqu+dVqhzT2IVCUEymbthUpJyFCMcohzbZiCRGhfdKFpqYB8UE6yeRbKT7VSht3QqFfoPBE/TuREF/Koe/pTp+onlz0xuJ/XjNWnaKTsCCKFQR0uqgTc6xCPM4It5kAqvhQE0IF07di2iOCUKWTnNvSAz4AlWZ1MPZiDMukdl6wrYJ9d5ErFWcRZdAxOkFnyEaXqIRuUBlVEUVP6AW9ojfj2Xg3RsbHtHXFmM0coTkYn9+TmaX7</latexit><latexit sha1_base64="zHr3eXUxlVdkl9ZFZ0GZM59JO+I=">AAACKnicbVDLSgMxFM34rPU16tJNsAhuWmZEsBuh4MaNUKUvaMchk962oZkHSaZYhvkKf8MfcKt/4K64Fb/D9KHY1gOBc8+5l3tzvIgzqSxrZKysrq1vbGa2sts7u3v75sFhTYaxoFClIQ9FwyMSOAugqpji0IgEEN/jUPf612O/PgAhWRhU1DACxyfdgHUYJUpLrplvDYAmj6lr4yt8+1NYuqg8JHk7xfe4gn9l18xZBWsCvEzsGcmhGcqu+dVqhzT2IVCUEymbthUpJyFCMcohzbZiCRGhfdKFpqYB8UE6yeRbKT7VSht3QqFfoPBE/TuREF/Koe/pTp+onlz0xuJ/XjNWnaKTsCCKFQR0uqgTc6xCPM4It5kAqvhQE0IF07di2iOCUKWTnNvSAz4AlWZ1MPZiDMukdl6wrYJ9d5ErFWcRZdAxOkFnyEaXqIRuUBlVEUVP6AW9ojfj2Xg3RsbHtHXFmM0coTkYn9+TmaX7</latexit>

(T ~x1) = R(T ~x0)
<latexit sha1_base64="qjrRzyyIfY8LwBtxgTNao0EQG8A=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiAklzAjggERAl48RskGyTD0dCpJk56eobsnGIZc/Q1/wKv+gTfxKv6A32FnOWTxQcHjvSqq6vkRZ0rb9o+V2tjc2t5J72b29g8Oj7LHJ3UVxpJCjYY8lE2fKOBMQE0zzaEZSSCBz6HhD+4mfmMIUrFQVPUoAjcgPcG6jBJtJC+L89X2TXsINHkae04B3+LHRcUueNmcXbSnwOvEmZMcmqPiZX/bnZDGAQhNOVGq5diRdhMiNaMcxpl2rCAidEB60DJUkACUm0w/GeMLo3RwN5SmhMZTdXEiIYFSo8A3nQHRfbXqTcT/vFasuyU3YSKKNQg6W9SNOdYhnsSCO0wC1XxkCKGSmVsx7RNJqDbhLW3pAx+CHmdMMM5qDOukfll07KLzcJUrl+YRpdEZOkd55KBrVEb3qIJqiKJn9Ire0Lv1Yn1Yn9bXrDVlzWdO0RKs7z+RL6DS</latexit><latexit sha1_base64="qjrRzyyIfY8LwBtxgTNao0EQG8A=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiAklzAjggERAl48RskGyTD0dCpJk56eobsnGIZc/Q1/wKv+gTfxKv6A32FnOWTxQcHjvSqq6vkRZ0rb9o+V2tjc2t5J72b29g8Oj7LHJ3UVxpJCjYY8lE2fKOBMQE0zzaEZSSCBz6HhD+4mfmMIUrFQVPUoAjcgPcG6jBJtJC+L89X2TXsINHkae04B3+LHRcUueNmcXbSnwOvEmZMcmqPiZX/bnZDGAQhNOVGq5diRdhMiNaMcxpl2rCAidEB60DJUkACUm0w/GeMLo3RwN5SmhMZTdXEiIYFSo8A3nQHRfbXqTcT/vFasuyU3YSKKNQg6W9SNOdYhnsSCO0wC1XxkCKGSmVsx7RNJqDbhLW3pAx+CHmdMMM5qDOukfll07KLzcJUrl+YRpdEZOkd55KBrVEb3qIJqiKJn9Ire0Lv1Yn1Yn9bXrDVlzWdO0RKs7z+RL6DS</latexit><latexit sha1_base64="qjrRzyyIfY8LwBtxgTNao0EQG8A=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiAklzAjggERAl48RskGyTD0dCpJk56eobsnGIZc/Q1/wKv+gTfxKv6A32FnOWTxQcHjvSqq6vkRZ0rb9o+V2tjc2t5J72b29g8Oj7LHJ3UVxpJCjYY8lE2fKOBMQE0zzaEZSSCBz6HhD+4mfmMIUrFQVPUoAjcgPcG6jBJtJC+L89X2TXsINHkae04B3+LHRcUueNmcXbSnwOvEmZMcmqPiZX/bnZDGAQhNOVGq5diRdhMiNaMcxpl2rCAidEB60DJUkACUm0w/GeMLo3RwN5SmhMZTdXEiIYFSo8A3nQHRfbXqTcT/vFasuyU3YSKKNQg6W9SNOdYhnsSCO0wC1XxkCKGSmVsx7RNJqDbhLW3pAx+CHmdMMM5qDOukfll07KLzcJUrl+YRpdEZOkd55KBrVEb3qIJqiKJn9Ire0Lv1Yn1Yn9bXrDVlzWdO0RKs7z+RL6DS</latexit><latexit sha1_base64="qjrRzyyIfY8LwBtxgTNao0EQG8A=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiAklzAjggERAl48RskGyTD0dCpJk56eobsnGIZc/Q1/wKv+gTfxKv6A32FnOWTxQcHjvSqq6vkRZ0rb9o+V2tjc2t5J72b29g8Oj7LHJ3UVxpJCjYY8lE2fKOBMQE0zzaEZSSCBz6HhD+4mfmMIUrFQVPUoAjcgPcG6jBJtJC+L89X2TXsINHkae04B3+LHRcUueNmcXbSnwOvEmZMcmqPiZX/bnZDGAQhNOVGq5diRdhMiNaMcxpl2rCAidEB60DJUkACUm0w/GeMLo3RwN5SmhMZTdXEiIYFSo8A3nQHRfbXqTcT/vFasuyU3YSKKNQg6W9SNOdYhnsSCO0wC1XxkCKGSmVsx7RNJqDbhLW3pAx+CHmdMMM5qDOukfll07KLzcJUrl+YRpdEZOkd55KBrVEb3qIJqiKJn9Ire0Lv1Yn1Yn9bXrDVlzWdO0RKs7z+RL6DS</latexit>

~xN,1 = R~xN,0
<latexit sha1_base64="x9PS8olvbnfKMQEWrQYHQ7h4z4U=">AAACHHicbVDJSgNBEO2JW4zbqEcPNgbBg4QZEcxFCHjxJFHMAskw9HQqSZOehe6eYBjm6G/4A171D7yJV8Ef8DvsJHPI4oOCx3tVVNXzIs6ksqwfI7eyura+kd8sbG3v7O6Z+wd1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxvcjP3GEIRkYfCoRhE4PukFrMsoUVpyzeP2EGjylLrJ3bmd4mv8gGcUK3XNolWyJsDLxM5IEWWouuZvuxPS2IdAUU6kbNlWpJyECMUoh7TQjiVEhA5ID1qaBsQH6SSTR1J8qpUO7oZCV6DwRJ2dSIgv5cj3dKdPVF8uemPxP68Vq27ZSVgQxQoCOl3UjTlWIR6ngjtMAFV8pAmhgulbMe0TQajS2c1t6QMfgkoLOhh7MYZlUr8o2VbJvr8sVspZRHl0hE7QGbLRFaqgW1RFNUTRM3pFb+jdeDE+jE/ja9qaM7KZQzQH4/sPUtWhVA==</latexit><latexit sha1_base64="x9PS8olvbnfKMQEWrQYHQ7h4z4U=">AAACHHicbVDJSgNBEO2JW4zbqEcPNgbBg4QZEcxFCHjxJFHMAskw9HQqSZOehe6eYBjm6G/4A171D7yJV8Ef8DvsJHPI4oOCx3tVVNXzIs6ksqwfI7eyura+kd8sbG3v7O6Z+wd1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxvcjP3GEIRkYfCoRhE4PukFrMsoUVpyzeP2EGjylLrJ3bmd4mv8gGcUK3XNolWyJsDLxM5IEWWouuZvuxPS2IdAUU6kbNlWpJyECMUoh7TQjiVEhA5ID1qaBsQH6SSTR1J8qpUO7oZCV6DwRJ2dSIgv5cj3dKdPVF8uemPxP68Vq27ZSVgQxQoCOl3UjTlWIR6ngjtMAFV8pAmhgulbMe0TQajS2c1t6QMfgkoLOhh7MYZlUr8o2VbJvr8sVspZRHl0hE7QGbLRFaqgW1RFNUTRM3pFb+jdeDE+jE/ja9qaM7KZQzQH4/sPUtWhVA==</latexit><latexit sha1_base64="x9PS8olvbnfKMQEWrQYHQ7h4z4U=">AAACHHicbVDJSgNBEO2JW4zbqEcPNgbBg4QZEcxFCHjxJFHMAskw9HQqSZOehe6eYBjm6G/4A171D7yJV8Ef8DvsJHPI4oOCx3tVVNXzIs6ksqwfI7eyura+kd8sbG3v7O6Z+wd1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxvcjP3GEIRkYfCoRhE4PukFrMsoUVpyzeP2EGjylLrJ3bmd4mv8gGcUK3XNolWyJsDLxM5IEWWouuZvuxPS2IdAUU6kbNlWpJyECMUoh7TQjiVEhA5ID1qaBsQH6SSTR1J8qpUO7oZCV6DwRJ2dSIgv5cj3dKdPVF8uemPxP68Vq27ZSVgQxQoCOl3UjTlWIR6ngjtMAFV8pAmhgulbMe0TQajS2c1t6QMfgkoLOhh7MYZlUr8o2VbJvr8sVspZRHl0hE7QGbLRFaqgW1RFNUTRM3pFb+jdeDE+jE/ja9qaM7KZQzQH4/sPUtWhVA==</latexit><latexit sha1_base64="x9PS8olvbnfKMQEWrQYHQ7h4z4U=">AAACHHicbVDJSgNBEO2JW4zbqEcPNgbBg4QZEcxFCHjxJFHMAskw9HQqSZOehe6eYBjm6G/4A171D7yJV8Ef8DvsJHPI4oOCx3tVVNXzIs6ksqwfI7eyura+kd8sbG3v7O6Z+wd1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxvcjP3GEIRkYfCoRhE4PukFrMsoUVpyzeP2EGjylLrJ3bmd4mv8gGcUK3XNolWyJsDLxM5IEWWouuZvuxPS2IdAUU6kbNlWpJyECMUoh7TQjiVEhA5ID1qaBsQH6SSTR1J8qpUO7oZCV6DwRJ2dSIgv5cj3dKdPVF8uemPxP68Vq27ZSVgQxQoCOl3UjTlWIR6ngjtMAFV8pAmhgulbMe0TQajS2c1t6QMfgkoLOhh7MYZlUr8o2VbJvr8sVspZRHl0hE7QGbLRFaqgW1RFNUTRM3pFb+jdeDE+jE/ja9qaM7KZQzQH4/sPUtWhVA==</latexit>

xN,1 = a sin(µ+ �0)

x0
N,1 = a cos(µ+ �0)

<latexit sha1_base64="ZuYSebyZBkD0b0hQ3DFtcLhl/Ms="></latexit><latexit sha1_base64="ZuYSebyZBkD0b0hQ3DFtcLhl/Ms="></latexit><latexit sha1_base64="ZuYSebyZBkD0b0hQ3DFtcLhl/Ms="></latexit><latexit sha1_base64="ZuYSebyZBkD0b0hQ3DFtcLhl/Ms="></latexit>

~xN ⌘ (T ~x)
<latexit sha1_base64="imTieUGdOLaaL2YS5nOTonLfEhI=">AAACHHicbVDLSgNBEJz1GeMr6tGDg0GIl7ArggEvAS+eJEJekF2W2UknGTL7cGY2GJY9+hv+gFf9A2/iVfAH/A4nyR5MYkFDUdVNd5cXcSaVaX4bK6tr6xubua389s7u3n7h4LApw1hQaNCQh6LtEQmcBdBQTHFoRwKI73FoecObid8agZAsDOpqHIHjk37AeowSpSW3cGKPgCaPqZvcpdiGh5iNcKluX2fyuVsommVzCrxMrIwUUYaaW/ixuyGNfQgU5UTKjmVGykmIUIxySPN2LCEidEj60NE0ID5IJ5k+kuIzrXRxLxS6AoWn6t+JhPhSjn1Pd/pEDeSiNxH/8zqx6lWchAVRrCCgs0W9mGMV4kkquMsEUMXHmhAqmL4V0wERhCqd3dyWAfARqDSvg7EWY1gmzYuyZZat+8titZJFlEPH6BSVkIWuUBXdohpqIIqe0At6RW/Gs/FufBifs9YVI5s5QnMwvn4Bf7SiCQ==</latexit><latexit sha1_base64="imTieUGdOLaaL2YS5nOTonLfEhI=">AAACHHicbVDLSgNBEJz1GeMr6tGDg0GIl7ArggEvAS+eJEJekF2W2UknGTL7cGY2GJY9+hv+gFf9A2/iVfAH/A4nyR5MYkFDUdVNd5cXcSaVaX4bK6tr6xubua389s7u3n7h4LApw1hQaNCQh6LtEQmcBdBQTHFoRwKI73FoecObid8agZAsDOpqHIHjk37AeowSpSW3cGKPgCaPqZvcpdiGh5iNcKluX2fyuVsommVzCrxMrIwUUYaaW/ixuyGNfQgU5UTKjmVGykmIUIxySPN2LCEidEj60NE0ID5IJ5k+kuIzrXRxLxS6AoWn6t+JhPhSjn1Pd/pEDeSiNxH/8zqx6lWchAVRrCCgs0W9mGMV4kkquMsEUMXHmhAqmL4V0wERhCqd3dyWAfARqDSvg7EWY1gmzYuyZZat+8titZJFlEPH6BSVkIWuUBXdohpqIIqe0At6RW/Gs/FufBifs9YVI5s5QnMwvn4Bf7SiCQ==</latexit><latexit sha1_base64="imTieUGdOLaaL2YS5nOTonLfEhI=">AAACHHicbVDLSgNBEJz1GeMr6tGDg0GIl7ArggEvAS+eJEJekF2W2UknGTL7cGY2GJY9+hv+gFf9A2/iVfAH/A4nyR5MYkFDUdVNd5cXcSaVaX4bK6tr6xubua389s7u3n7h4LApw1hQaNCQh6LtEQmcBdBQTHFoRwKI73FoecObid8agZAsDOpqHIHjk37AeowSpSW3cGKPgCaPqZvcpdiGh5iNcKluX2fyuVsommVzCrxMrIwUUYaaW/ixuyGNfQgU5UTKjmVGykmIUIxySPN2LCEidEj60NE0ID5IJ5k+kuIzrXRxLxS6AoWn6t+JhPhSjn1Pd/pEDeSiNxH/8zqx6lWchAVRrCCgs0W9mGMV4kkquMsEUMXHmhAqmL4V0wERhCqd3dyWAfARqDSvg7EWY1gmzYuyZZat+8titZJFlEPH6BSVkIWuUBXdohpqIIqe0At6RW/Gs/FufBifs9YVI5s5QnMwvn4Bf7SiCQ==</latexit><latexit sha1_base64="imTieUGdOLaaL2YS5nOTonLfEhI=">AAACHHicbVDLSgNBEJz1GeMr6tGDg0GIl7ArggEvAS+eJEJekF2W2UknGTL7cGY2GJY9+hv+gFf9A2/iVfAH/A4nyR5MYkFDUdVNd5cXcSaVaX4bK6tr6xubua389s7u3n7h4LApw1hQaNCQh6LtEQmcBdBQTHFoRwKI73FoecObid8agZAsDOpqHIHjk37AeowSpSW3cGKPgCaPqZvcpdiGh5iNcKluX2fyuVsommVzCrxMrIwUUYaaW/ixuyGNfQgU5UTKjmVGykmIUIxySPN2LCEidEj60NE0ID5IJ5k+kuIzrXRxLxS6AoWn6t+JhPhSjn1Pd/pEDeSiNxH/8zqx6lWchAVRrCCgs0W9mGMV4kkquMsEUMXHmhAqmL4V0wERhCqd3dyWAfARqDSvg7EWY1gmzYuyZZat+8titZJFlEPH6BSVkIWuUBXdohpqIIqe0At6RW/Gs/FufBifs9YVI5s5QnMwvn4Bf7SiCQ==</latexit>
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3.2 Back to General Physical Solution

xN,1 = a sin(µ+ �0)

x0
N,1 = a cos(µ+ �0)

<latexit sha1_base64="ZuYSebyZBkD0b0hQ3DFtcLhl/Ms="></latexit><latexit sha1_base64="ZuYSebyZBkD0b0hQ3DFtcLhl/Ms="></latexit><latexit sha1_base64="ZuYSebyZBkD0b0hQ3DFtcLhl/Ms="></latexit><latexit sha1_base64="ZuYSebyZBkD0b0hQ3DFtcLhl/Ms="></latexit>

~xN ⌘ (T ~x) ) ~x = T�1~xN
<latexit sha1_base64="7WZV6gJvsayxVSOeZHs5Ey7UwOA="></latexit><latexit sha1_base64="7WZV6gJvsayxVSOeZHs5Ey7UwOA="></latexit><latexit sha1_base64="7WZV6gJvsayxVSOeZHs5Ey7UwOA="></latexit><latexit sha1_base64="7WZV6gJvsayxVSOeZHs5Ey7UwOA="></latexit>

T�1 =

✓ p
� 0

�↵/
p
� 1/

p
�

◆

<latexit sha1_base64="KIZ111vsy69Wh+Bn5oAriI/+ySY="></latexit><latexit sha1_base64="KIZ111vsy69Wh+Bn5oAriI/+ySY="></latexit><latexit sha1_base64="KIZ111vsy69Wh+Bn5oAriI/+ySY="></latexit><latexit sha1_base64="KIZ111vsy69Wh+Bn5oAriI/+ySY="></latexit>

x1 = a
p

� sin(µ+ �0)

x0
1 =

ap
�
[cos(µ+ �0)� ↵ sin(µ+ �0)]

<latexit sha1_base64="z9T16FJjV7aWvUwpqpCShMfY7hA="></latexit><latexit sha1_base64="z9T16FJjV7aWvUwpqpCShMfY7hA="></latexit><latexit sha1_base64="z9T16FJjV7aWvUwpqpCShMfY7hA="></latexit><latexit sha1_base64="z9T16FJjV7aWvUwpqpCShMfY7hA="></latexit>

§ Particle position motion scales like
§ For              ellipse aspect ratio   

p
�

<latexit sha1_base64="WvdRwiJFZpPy1sRXEw04cAOBEi8=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJRHBLgtuXFawD2hCmUxv2qGTSZy5KZSQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5QSK4Rsf5tjY2t7Z3dkt75f2Dw6PjyslpW8epYtBisYhVN6AaBJfQQo4CuokCGgUCOsH4buZ3JqA0j+UjThPwIzqUPOSMopE8Tz8pzLwAkOb9StWpOXPY68QtSJUUaPYrP94gZmkEEpmgWvdcJ0E/owo5E5CXvVRDQtmYDqFnqKQRaD+b/5zbl0YZ2GGszEi05+rfi4xGWk+jwGxGFEd61ZuJ/3m9FMO6n3GZpAiSLYLCVNgY27MC7AFXwFBMDaFMcfOrzUZUUYampqWUEYgJYF42xbirNayT9nXNdWruw021US8qKpFzckGuiEtuSYPckyZpEUYS8kJeyZv1bL1bH9bnYnXDKm7OyBKsr18RBZp1</latexit><latexit sha1_base64="WvdRwiJFZpPy1sRXEw04cAOBEi8=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJRHBLgtuXFawD2hCmUxv2qGTSZy5KZSQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5QSK4Rsf5tjY2t7Z3dkt75f2Dw6PjyslpW8epYtBisYhVN6AaBJfQQo4CuokCGgUCOsH4buZ3JqA0j+UjThPwIzqUPOSMopE8Tz8pzLwAkOb9StWpOXPY68QtSJUUaPYrP94gZmkEEpmgWvdcJ0E/owo5E5CXvVRDQtmYDqFnqKQRaD+b/5zbl0YZ2GGszEi05+rfi4xGWk+jwGxGFEd61ZuJ/3m9FMO6n3GZpAiSLYLCVNgY27MC7AFXwFBMDaFMcfOrzUZUUYampqWUEYgJYF42xbirNayT9nXNdWruw021US8qKpFzckGuiEtuSYPckyZpEUYS8kJeyZv1bL1bH9bnYnXDKm7OyBKsr18RBZp1</latexit><latexit sha1_base64="WvdRwiJFZpPy1sRXEw04cAOBEi8=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJRHBLgtuXFawD2hCmUxv2qGTSZy5KZSQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5QSK4Rsf5tjY2t7Z3dkt75f2Dw6PjyslpW8epYtBisYhVN6AaBJfQQo4CuokCGgUCOsH4buZ3JqA0j+UjThPwIzqUPOSMopE8Tz8pzLwAkOb9StWpOXPY68QtSJUUaPYrP94gZmkEEpmgWvdcJ0E/owo5E5CXvVRDQtmYDqFnqKQRaD+b/5zbl0YZ2GGszEi05+rfi4xGWk+jwGxGFEd61ZuJ/3m9FMO6n3GZpAiSLYLCVNgY27MC7AFXwFBMDaFMcfOrzUZUUYampqWUEYgJYF42xbirNayT9nXNdWruw021US8qKpFzckGuiEtuSYPckyZpEUYS8kJeyZv1bL1bH9bnYnXDKm7OyBKsr18RBZp1</latexit><latexit sha1_base64="WvdRwiJFZpPy1sRXEw04cAOBEi8=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJRHBLgtuXFawD2hCmUxv2qGTSZy5KZSQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5QSK4Rsf5tjY2t7Z3dkt75f2Dw6PjyslpW8epYtBisYhVN6AaBJfQQo4CuokCGgUCOsH4buZ3JqA0j+UjThPwIzqUPOSMopE8Tz8pzLwAkOb9StWpOXPY68QtSJUUaPYrP94gZmkEEpmgWvdcJ0E/owo5E5CXvVRDQtmYDqFnqKQRaD+b/5zbl0YZ2GGszEi05+rfi4xGWk+jwGxGFEd61ZuJ/3m9FMO6n3GZpAiSLYLCVNgY27MC7AFXwFBMDaFMcfOrzUZUUYampqWUEYgJYF42xbirNayT9nXNdWruw021US8qKpFzckGuiEtuSYPckyZpEUYS8kJeyZv1bL1bH9bnYnXDKm7OyBKsr18RBZp1</latexit>

↵ = 0
<latexit sha1_base64="yADoTwRTWGJQrDqtoqLV25RZkOo=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV0RzEUIePEYwTwgWULvpDcZMju7zMwGwpKjP+BV/8CbePVD/AG/w0myB5NY0FBUddPdFSSCa+O6387G5tb2zm5hr7h/cHh0XDo5beo4VQwbLBaxagegUXCJDcONwHaiEKJAYCsY3c/81hiV5rF8MpME/QgGkoecgbFSuwsiGcKd2yuV3Yo7B10nXk7KJEe9V/rp9mOWRigNE6B1x3MT42egDGcCp8VuqjEBNoIBdiyVEKH2s/m9U3pplT4NY2VLGjpX/05kEGk9iQLbGYEZ6lVvJv7ndVITVv2MyyQ1KNliUZgKamI6e572uUJmxMQSYIrbWykbggJmbERLW4YoxmimRRuMtxrDOmleVzy34j3elGvVPKICOScX5Ip45JbUyAOpkwZhRJAX8krenGfn3flwPhetG04+c0aW4Hz9Asp2mAY=</latexit><latexit sha1_base64="yADoTwRTWGJQrDqtoqLV25RZkOo=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV0RzEUIePEYwTwgWULvpDcZMju7zMwGwpKjP+BV/8CbePVD/AG/w0myB5NY0FBUddPdFSSCa+O6387G5tb2zm5hr7h/cHh0XDo5beo4VQwbLBaxagegUXCJDcONwHaiEKJAYCsY3c/81hiV5rF8MpME/QgGkoecgbFSuwsiGcKd2yuV3Yo7B10nXk7KJEe9V/rp9mOWRigNE6B1x3MT42egDGcCp8VuqjEBNoIBdiyVEKH2s/m9U3pplT4NY2VLGjpX/05kEGk9iQLbGYEZ6lVvJv7ndVITVv2MyyQ1KNliUZgKamI6e572uUJmxMQSYIrbWykbggJmbERLW4YoxmimRRuMtxrDOmleVzy34j3elGvVPKICOScX5Ip45JbUyAOpkwZhRJAX8krenGfn3flwPhetG04+c0aW4Hz9Asp2mAY=</latexit><latexit sha1_base64="yADoTwRTWGJQrDqtoqLV25RZkOo=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV0RzEUIePEYwTwgWULvpDcZMju7zMwGwpKjP+BV/8CbePVD/AG/w0myB5NY0FBUddPdFSSCa+O6387G5tb2zm5hr7h/cHh0XDo5beo4VQwbLBaxagegUXCJDcONwHaiEKJAYCsY3c/81hiV5rF8MpME/QgGkoecgbFSuwsiGcKd2yuV3Yo7B10nXk7KJEe9V/rp9mOWRigNE6B1x3MT42egDGcCp8VuqjEBNoIBdiyVEKH2s/m9U3pplT4NY2VLGjpX/05kEGk9iQLbGYEZ6lVvJv7ndVITVv2MyyQ1KNliUZgKamI6e572uUJmxMQSYIrbWykbggJmbERLW4YoxmimRRuMtxrDOmleVzy34j3elGvVPKICOScX5Ip45JbUyAOpkwZhRJAX8krenGfn3flwPhetG04+c0aW4Hz9Asp2mAY=</latexit><latexit sha1_base64="yADoTwRTWGJQrDqtoqLV25RZkOo=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV0RzEUIePEYwTwgWULvpDcZMju7zMwGwpKjP+BV/8CbePVD/AG/w0myB5NY0FBUddPdFSSCa+O6387G5tb2zm5hr7h/cHh0XDo5beo4VQwbLBaxagegUXCJDcONwHaiEKJAYCsY3c/81hiV5rF8MpME/QgGkoecgbFSuwsiGcKd2yuV3Yo7B10nXk7KJEe9V/rp9mOWRigNE6B1x3MT42egDGcCp8VuqjEBNoIBdiyVEKH2s/m9U3pplT4NY2VLGjpX/05kEGk9iQLbGYEZ6lVvJv7ndVITVv2MyyQ1KNliUZgKamI6e572uUJmxMQSYIrbWykbggJmbERLW4YoxmimRRuMtxrDOmleVzy34j3elGvVPKICOScX5Ip45JbUyAOpkwZhRJAX8krenGfn3flwPhetG04+c0aW4Hz9Asp2mAY=</latexit>

x/x0 = �
<latexit sha1_base64="pG8qRhuPYAk3WGlVYxavFcybXF8=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxBdxRkRzEYIuHEZwXwgM4SezkvSpOdD95uQMOQAXsCt3sCduPUYXsBz2ElmYRILHhRV71GP8mMpNNr2t7W2vrG5tZ3bye/u7R8cFo6O6zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEP7qd+YwhKiyh8wnEMXsB6oegKztBI7uhqdEHvqOsDsnahaJfsGegqcTJSJBmq7cKP24l4EkCIXDKtW44do5cyhYJLmOTdREPM+ID1oGVoyALQXjr7eULPjdKh3UiZCZHO1L8XKQu0Hge+2QwY9vWyNxX/81oJdsteKsI4QQj5PKibSIoRnRZAO0IBRzk2hHElzK+U95liHE1NCyl9kEPASd4U4yzXsErq1yXHLjmPN8VKOasoR07JGbkkDrklFfJAqqRGOInJC3klb9az9W59WJ/z1TUruzkhC7C+fgHfK5ka</latexit><latexit sha1_base64="pG8qRhuPYAk3WGlVYxavFcybXF8=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxBdxRkRzEYIuHEZwXwgM4SezkvSpOdD95uQMOQAXsCt3sCduPUYXsBz2ElmYRILHhRV71GP8mMpNNr2t7W2vrG5tZ3bye/u7R8cFo6O6zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEP7qd+YwhKiyh8wnEMXsB6oegKztBI7uhqdEHvqOsDsnahaJfsGegqcTJSJBmq7cKP24l4EkCIXDKtW44do5cyhYJLmOTdREPM+ID1oGVoyALQXjr7eULPjdKh3UiZCZHO1L8XKQu0Hge+2QwY9vWyNxX/81oJdsteKsI4QQj5PKibSIoRnRZAO0IBRzk2hHElzK+U95liHE1NCyl9kEPASd4U4yzXsErq1yXHLjmPN8VKOasoR07JGbkkDrklFfJAqqRGOInJC3klb9az9W59WJ/z1TUruzkhC7C+fgHfK5ka</latexit><latexit sha1_base64="pG8qRhuPYAk3WGlVYxavFcybXF8=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxBdxRkRzEYIuHEZwXwgM4SezkvSpOdD95uQMOQAXsCt3sCduPUYXsBz2ElmYRILHhRV71GP8mMpNNr2t7W2vrG5tZ3bye/u7R8cFo6O6zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEP7qd+YwhKiyh8wnEMXsB6oegKztBI7uhqdEHvqOsDsnahaJfsGegqcTJSJBmq7cKP24l4EkCIXDKtW44do5cyhYJLmOTdREPM+ID1oGVoyALQXjr7eULPjdKh3UiZCZHO1L8XKQu0Hge+2QwY9vWyNxX/81oJdsteKsI4QQj5PKibSIoRnRZAO0IBRzk2hHElzK+U95liHE1NCyl9kEPASd4U4yzXsErq1yXHLjmPN8VKOasoR07JGbkkDrklFfJAqqRGOInJC3klb9az9W59WJ/z1TUruzkhC7C+fgHfK5ka</latexit><latexit sha1_base64="pG8qRhuPYAk3WGlVYxavFcybXF8=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxBdxRkRzEYIuHEZwXwgM4SezkvSpOdD95uQMOQAXsCt3sCduPUYXsBz2ElmYRILHhRV71GP8mMpNNr2t7W2vrG5tZ3bye/u7R8cFo6O6zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEP7qd+YwhKiyh8wnEMXsB6oegKztBI7uhqdEHvqOsDsnahaJfsGegqcTJSJBmq7cKP24l4EkCIXDKtW44do5cyhYJLmOTdREPM+ID1oGVoyALQXjr7eULPjdKh3UiZCZHO1L8XKQu0Hge+2QwY9vWyNxX/81oJdsteKsI4QQj5PKibSIoRnRZAO0IBRzk2hHElzK+U95liHE1NCyl9kEPASd4U4yzXsErq1yXHLjmPN8VKOasoR07JGbkkDrklFfJAqqRGOInJC3klb9az9W59WJ/z1TUruzkhC7C+fgHfK5ka</latexit>

Eqn 3.28
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3.3: General Linear Beam Transport

§ The normalized phase space transformation gives us 
a clever path to general linear beam transport
§ From one location (s1) to another (s2)
§ Rotation is just a portion of the phase advance, not 

the full tune
§ Floquet transformations can use different Twiss 

Parameters (reminder: they depend on s coordinate!)

~x(s2) = M21~x(s1)
<latexit sha1_base64="Fcy6/xp6pRRHGGB9Q8AsdNz3cvw=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovQbkpSBEUQCm7cCBXsA9oQJtObdujkwcykWEKW/oY/4Fb/wJ24FfwBv8NpG9C2HrhwOOde7r3HjRgV0jS/tNzK6tr6Rn6zsLW9s7un7x80RRhzAg0SspC3XSyA0QAakkoG7YgD9l0GLXd4PfFbI+CChsG9HEdg+7gfUI8SLJXk6MfdEZDkIS0Jp1q+unWSqpX+SlbZ0YtmxZzCWCZWRoooQ93Rv7u9kMQ+BJIwLETHMiNpJ5hLShikhW4sIMJkiPvQUTTAPgg7mT6SGqdK6RleyFUF0piqfycS7Asx9l3V6WM5EIveRPzP68TSu7ATGkSxhIDMFnkxM2RoTFIxepQDkWysCCacqlsNMsAcE6mym9syADYCmRZUMNZiDMukWa1YZsW6OyvWLrOI8ugInaASstA5qqEbVEcNRNAjekYv6FV70t60d+1j1prTsplDNAft8wdMq6FR</latexit><latexit sha1_base64="Fcy6/xp6pRRHGGB9Q8AsdNz3cvw=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovQbkpSBEUQCm7cCBXsA9oQJtObdujkwcykWEKW/oY/4Fb/wJ24FfwBv8NpG9C2HrhwOOde7r3HjRgV0jS/tNzK6tr6Rn6zsLW9s7un7x80RRhzAg0SspC3XSyA0QAakkoG7YgD9l0GLXd4PfFbI+CChsG9HEdg+7gfUI8SLJXk6MfdEZDkIS0Jp1q+unWSqpX+SlbZ0YtmxZzCWCZWRoooQ93Rv7u9kMQ+BJIwLETHMiNpJ5hLShikhW4sIMJkiPvQUTTAPgg7mT6SGqdK6RleyFUF0piqfycS7Asx9l3V6WM5EIveRPzP68TSu7ATGkSxhIDMFnkxM2RoTFIxepQDkWysCCacqlsNMsAcE6mym9syADYCmRZUMNZiDMukWa1YZsW6OyvWLrOI8ugInaASstA5qqEbVEcNRNAjekYv6FV70t60d+1j1prTsplDNAft8wdMq6FR</latexit><latexit sha1_base64="Fcy6/xp6pRRHGGB9Q8AsdNz3cvw=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovQbkpSBEUQCm7cCBXsA9oQJtObdujkwcykWEKW/oY/4Fb/wJ24FfwBv8NpG9C2HrhwOOde7r3HjRgV0jS/tNzK6tr6Rn6zsLW9s7un7x80RRhzAg0SspC3XSyA0QAakkoG7YgD9l0GLXd4PfFbI+CChsG9HEdg+7gfUI8SLJXk6MfdEZDkIS0Jp1q+unWSqpX+SlbZ0YtmxZzCWCZWRoooQ93Rv7u9kMQ+BJIwLETHMiNpJ5hLShikhW4sIMJkiPvQUTTAPgg7mT6SGqdK6RleyFUF0piqfycS7Asx9l3V6WM5EIveRPzP68TSu7ATGkSxhIDMFnkxM2RoTFIxepQDkWysCCacqlsNMsAcE6mym9syADYCmRZUMNZiDMukWa1YZsW6OyvWLrOI8ugInaASstA5qqEbVEcNRNAjekYv6FV70t60d+1j1prTsplDNAft8wdMq6FR</latexit><latexit sha1_base64="Fcy6/xp6pRRHGGB9Q8AsdNz3cvw=">AAACHHicbVDLSsNAFJ3UV62vqEsXBovQbkpSBEUQCm7cCBXsA9oQJtObdujkwcykWEKW/oY/4Fb/wJ24FfwBv8NpG9C2HrhwOOde7r3HjRgV0jS/tNzK6tr6Rn6zsLW9s7un7x80RRhzAg0SspC3XSyA0QAakkoG7YgD9l0GLXd4PfFbI+CChsG9HEdg+7gfUI8SLJXk6MfdEZDkIS0Jp1q+unWSqpX+SlbZ0YtmxZzCWCZWRoooQ93Rv7u9kMQ+BJIwLETHMiNpJ5hLShikhW4sIMJkiPvQUTTAPgg7mT6SGqdK6RleyFUF0piqfycS7Asx9l3V6WM5EIveRPzP68TSu7ATGkSxhIDMFnkxM2RoTFIxepQDkWysCCacqlsNMsAcE6mym9syADYCmRZUMNZiDMukWa1YZsW6OyvWLrOI8ugInaASstA5qqEbVEcNRNAjekYv6FV70t60d+1j1prTsplDNAft8wdMq6FR</latexit>

M21 = T (s2)
�1 R(�2 � �1) T (s1)

<latexit sha1_base64="+ibUP3rfCOdZl5XQcss1IAtpda0="></latexit><latexit sha1_base64="+ibUP3rfCOdZl5XQcss1IAtpda0="></latexit><latexit sha1_base64="+ibUP3rfCOdZl5XQcss1IAtpda0="></latexit><latexit sha1_base64="+ibUP3rfCOdZl5XQcss1IAtpda0="></latexit>

T�1(s2) =

✓ p
�(s2) 0

�↵(s2)/
p

�(s2) 1/
p

�(s2)

◆

<latexit sha1_base64="lE+/cvTn+9nfmesBPOhVPheRKRQ="></latexit><latexit sha1_base64="lE+/cvTn+9nfmesBPOhVPheRKRQ="></latexit><latexit sha1_base64="lE+/cvTn+9nfmesBPOhVPheRKRQ="></latexit><latexit sha1_base64="lE+/cvTn+9nfmesBPOhVPheRKRQ="></latexit>

T (s1) =

✓
1/

p
�(s1) 0

↵(s1)/
p

�(s1)
p

�(s1)

◆

<latexit sha1_base64="HsUsIFV0RP0uFuw5ciDjGOqQ5lM="></latexit><latexit sha1_base64="HsUsIFV0RP0uFuw5ciDjGOqQ5lM="></latexit><latexit sha1_base64="HsUsIFV0RP0uFuw5ciDjGOqQ5lM="></latexit><latexit sha1_base64="HsUsIFV0RP0uFuw5ciDjGOqQ5lM="></latexit>
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General Linear Transport Matrix

§ We can parameterize a general non-periodic transport matrix 
from s1 to s2 using lattice parameters and 

§ This does not have a pretty form like the periodic matrix
However both can be expressed as

where the C and S terms are cosine-like and sine-like; 
the second row is the s-derivative of the first row!

A common use of this matrix is the m12 term:

M =

✓
C S
C 0 S0

◆

Effect of angle kick
on downstream position

Ms1!s2 =

0

@

q
�(s2)
�(s1

[cos��+ ↵(s1) sin��
p

�(s1)�(s2) sin��

� [↵(s2)�↵(s1)] cos��+[1+↵(s1)↵(s2)] sin��p
�(s1)�(s2)

q
�(s1)
�(s2)

[cos��� ↵(s2) sin��]

1

A

<latexit sha1_base64="TCNBInBvEkak1Dl/hvoraEoRymk="></latexit><latexit sha1_base64="TCNBInBvEkak1Dl/hvoraEoRymk="></latexit><latexit sha1_base64="TCNBInBvEkak1Dl/hvoraEoRymk="></latexit><latexit sha1_base64="TCNBInBvEkak1Dl/hvoraEoRymk="></latexit>

�� ⌘ �(s2)� �(s1)
<latexit sha1_base64="op/Mn2hrcfNzu4EKimY7LMi/DPw=">AAACIHicbZBLSgNBEIZ74ivGV9Slm8EgJAvDTBAUVwFduIxgHpAZQk+nJmnS87C7JhBCDuA1vIBbvYE7cakH8Bx2klmYxB8aPv6qoqp/LxZcoWV9GZm19Y3Nrex2bmd3b/8gf3jUUFEiGdRZJCLZ8qgCwUOoI0cBrVgCDTwBTW9wM603hyAVj8IHHMXgBrQXcp8zitrq5AvOLQikTtznDjwmfDiloupUSucp2SXdZZWtmcxVsFMokFS1Tv7H6UYsCSBEJqhSbduK0R1TiZwJmOScREFM2YD2oK0xpAEodzz7zMQ8007X9COpX4jmzP07MaaBUqPA050Bxb5ark3N/2rtBP0rd8zDOEEI2XyRnwgTI3OajNnlEhiKkQbKJNe3mqxPJWWo81vY0gcxBJzkdDD2cgyr0KiUbats318UqtdpRFlyQk5JkdjkklTJHamROmHkibyQV/JmPBvvxofxOW/NGOnMMVmQ8f0LcO2i8Q==</latexit><latexit sha1_base64="op/Mn2hrcfNzu4EKimY7LMi/DPw=">AAACIHicbZBLSgNBEIZ74ivGV9Slm8EgJAvDTBAUVwFduIxgHpAZQk+nJmnS87C7JhBCDuA1vIBbvYE7cakH8Bx2klmYxB8aPv6qoqp/LxZcoWV9GZm19Y3Nrex2bmd3b/8gf3jUUFEiGdRZJCLZ8qgCwUOoI0cBrVgCDTwBTW9wM603hyAVj8IHHMXgBrQXcp8zitrq5AvOLQikTtznDjwmfDiloupUSucp2SXdZZWtmcxVsFMokFS1Tv7H6UYsCSBEJqhSbduK0R1TiZwJmOScREFM2YD2oK0xpAEodzz7zMQ8007X9COpX4jmzP07MaaBUqPA050Bxb5ark3N/2rtBP0rd8zDOEEI2XyRnwgTI3OajNnlEhiKkQbKJNe3mqxPJWWo81vY0gcxBJzkdDD2cgyr0KiUbats318UqtdpRFlyQk5JkdjkklTJHamROmHkibyQV/JmPBvvxofxOW/NGOnMMVmQ8f0LcO2i8Q==</latexit><latexit sha1_base64="op/Mn2hrcfNzu4EKimY7LMi/DPw=">AAACIHicbZBLSgNBEIZ74ivGV9Slm8EgJAvDTBAUVwFduIxgHpAZQk+nJmnS87C7JhBCDuA1vIBbvYE7cakH8Bx2klmYxB8aPv6qoqp/LxZcoWV9GZm19Y3Nrex2bmd3b/8gf3jUUFEiGdRZJCLZ8qgCwUOoI0cBrVgCDTwBTW9wM603hyAVj8IHHMXgBrQXcp8zitrq5AvOLQikTtznDjwmfDiloupUSucp2SXdZZWtmcxVsFMokFS1Tv7H6UYsCSBEJqhSbduK0R1TiZwJmOScREFM2YD2oK0xpAEodzz7zMQ8007X9COpX4jmzP07MaaBUqPA050Bxb5ark3N/2rtBP0rd8zDOEEI2XyRnwgTI3OajNnlEhiKkQbKJNe3mqxPJWWo81vY0gcxBJzkdDD2cgyr0KiUbats318UqtdpRFlyQk5JkdjkklTJHamROmHkibyQV/JmPBvvxofxOW/NGOnMMVmQ8f0LcO2i8Q==</latexit><latexit sha1_base64="op/Mn2hrcfNzu4EKimY7LMi/DPw=">AAACIHicbZBLSgNBEIZ74ivGV9Slm8EgJAvDTBAUVwFduIxgHpAZQk+nJmnS87C7JhBCDuA1vIBbvYE7cakH8Bx2klmYxB8aPv6qoqp/LxZcoWV9GZm19Y3Nrex2bmd3b/8gf3jUUFEiGdRZJCLZ8qgCwUOoI0cBrVgCDTwBTW9wM603hyAVj8IHHMXgBrQXcp8zitrq5AvOLQikTtznDjwmfDiloupUSucp2SXdZZWtmcxVsFMokFS1Tv7H6UYsCSBEJqhSbduK0R1TiZwJmOScREFM2YD2oK0xpAEodzz7zMQ8007X9COpX4jmzP07MaaBUqPA050Bxb5ark3N/2rtBP0rd8zDOEEI2XyRnwgTI3OajNnlEhiKkQbKJNe3mqxPJWWo81vY0gcxBJzkdDD2cgyr0KiUbats318UqtdpRFlyQk5JkdjkklTJHamROmHkibyQV/JmPBvvxofxOW/NGOnMMVmQ8f0LcO2i8Q==</latexit>

�x(s2) =
p

�(s1)�(s2) sin(��)�x0(s1)
<latexit sha1_base64="Q3rfb+qcN3UaqSv6fNzb2i3jgak="></latexit><latexit sha1_base64="Q3rfb+qcN3UaqSv6fNzb2i3jgak="></latexit><latexit sha1_base64="Q3rfb+qcN3UaqSv6fNzb2i3jgak="></latexit><latexit sha1_base64="Q3rfb+qcN3UaqSv6fNzb2i3jgak="></latexit>
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General Linear Transport Matrix

§ Equation 3.31, a very general form from all this math:

with 
§ This is how one can parameterize uncoupled x or y 

transport from one location s1 to another location s2
where the Twiss parameters of those locations and 
their relative phase advance is known

• Such as from a table from a modeling code like madx
§ Most modeling codes can also output matrix elements 

between specific locations at starts or ends of magnets

s21 ⌘ sin(�2 � �1), c21 ⌘ cos(�2 � �1)
<latexit sha1_base64="dQVV0XXmojsmO1TcW+c9xG5zLGY=">AAACPXicbVDLSgMxFM3UV62vqks3wSJU0DJTBMVVwY3LCvYBnTJk0ts2NJMZk0yhDP0df8MfcKvgB+hK3Lo1bWfRhwdCDuecy02OH3GmtG1/WJm19Y3Nrex2bmd3b/8gf3hUV2EsKdRoyEPZ9IkCzgTUNNMcmpEEEvgcGv7gbuI3hiAVC8WjHkXQDkhPsC6jRBvJy1eUl5SdsQtPMRu6iomiG/WZV76cXs75BabzARqqpYCXL9glewq8SpyUFFCKqpf/cjshjQMQmnKiVMuxI91OiNSMchjn3FhBROiA9KBlqCABqHYy/ekYnxmlg7uhNEdoPFXnJxISKDUKfJMMiO6rZW8i/ue1Yt29aSdMRLEGQWeLujHHOsST2nCHSaCajwwhVDLzVkz7RBKqTbkLW/rAh6DHOVOMs1zDKqmXS45dch6uCpXbtKIsOkGnqIgcdI0q6B5VUQ1R9Ixe0Rt6t16sT+vb+plFM1Y6c4wWYP3+Ac4nrjU=</latexit><latexit sha1_base64="dQVV0XXmojsmO1TcW+c9xG5zLGY=">AAACPXicbVDLSgMxFM3UV62vqks3wSJU0DJTBMVVwY3LCvYBnTJk0ts2NJMZk0yhDP0df8MfcKvgB+hK3Lo1bWfRhwdCDuecy02OH3GmtG1/WJm19Y3Nrex2bmd3b/8gf3hUV2EsKdRoyEPZ9IkCzgTUNNMcmpEEEvgcGv7gbuI3hiAVC8WjHkXQDkhPsC6jRBvJy1eUl5SdsQtPMRu6iomiG/WZV76cXs75BabzARqqpYCXL9glewq8SpyUFFCKqpf/cjshjQMQmnKiVMuxI91OiNSMchjn3FhBROiA9KBlqCABqHYy/ekYnxmlg7uhNEdoPFXnJxISKDUKfJMMiO6rZW8i/ue1Yt29aSdMRLEGQWeLujHHOsST2nCHSaCajwwhVDLzVkz7RBKqTbkLW/rAh6DHOVOMs1zDKqmXS45dch6uCpXbtKIsOkGnqIgcdI0q6B5VUQ1R9Ixe0Rt6t16sT+vb+plFM1Y6c4wWYP3+Ac4nrjU=</latexit><latexit sha1_base64="dQVV0XXmojsmO1TcW+c9xG5zLGY=">AAACPXicbVDLSgMxFM3UV62vqks3wSJU0DJTBMVVwY3LCvYBnTJk0ts2NJMZk0yhDP0df8MfcKvgB+hK3Lo1bWfRhwdCDuecy02OH3GmtG1/WJm19Y3Nrex2bmd3b/8gf3hUV2EsKdRoyEPZ9IkCzgTUNNMcmpEEEvgcGv7gbuI3hiAVC8WjHkXQDkhPsC6jRBvJy1eUl5SdsQtPMRu6iomiG/WZV76cXs75BabzARqqpYCXL9glewq8SpyUFFCKqpf/cjshjQMQmnKiVMuxI91OiNSMchjn3FhBROiA9KBlqCABqHYy/ekYnxmlg7uhNEdoPFXnJxISKDUKfJMMiO6rZW8i/ue1Yt29aSdMRLEGQWeLujHHOsST2nCHSaCajwwhVDLzVkz7RBKqTbkLW/rAh6DHOVOMs1zDKqmXS45dch6uCpXbtKIsOkGnqIgcdI0q6B5VUQ1R9Ixe0Rt6t16sT+vb+plFM1Y6c4wWYP3+Ac4nrjU=</latexit><latexit sha1_base64="dQVV0XXmojsmO1TcW+c9xG5zLGY=">AAACPXicbVDLSgMxFM3UV62vqks3wSJU0DJTBMVVwY3LCvYBnTJk0ts2NJMZk0yhDP0df8MfcKvgB+hK3Lo1bWfRhwdCDuecy02OH3GmtG1/WJm19Y3Nrex2bmd3b/8gf3hUV2EsKdRoyEPZ9IkCzgTUNNMcmpEEEvgcGv7gbuI3hiAVC8WjHkXQDkhPsC6jRBvJy1eUl5SdsQtPMRu6iomiG/WZV76cXs75BabzARqqpYCXL9glewq8SpyUFFCKqpf/cjshjQMQmnKiVMuxI91OiNSMchjn3FhBROiA9KBlqCABqHYy/ekYnxmlg7uhNEdoPFXnJxISKDUKfJMMiO6rZW8i/ue1Yt29aSdMRLEGQWeLujHHOsST2nCHSaCajwwhVDLzVkz7RBKqTbkLW/rAh6DHOVOMs1zDKqmXS45dch6uCpXbtKIsOkGnqIgcdI0q6B5VUQ1R9Ixe0Rt6t16sT+vb+plFM1Y6c4wWYP3+Ac4nrjU=</latexit>
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Twiss Parameter Propagation

§ Labeling the transport matrix elements as m12 etc:

then we (okay, you) can show

and the phase advance between two locations is
also related to the transport matrix elements and
initial Twiss parameters by

Ms1!s2 =

✓
m11 m12

m21 m22

◆

<latexit sha1_base64="gyZOQAJ7YkkIDYnR7M8hlFUYOkU="></latexit><latexit sha1_base64="gyZOQAJ7YkkIDYnR7M8hlFUYOkU="></latexit><latexit sha1_base64="gyZOQAJ7YkkIDYnR7M8hlFUYOkU="></latexit><latexit sha1_base64="gyZOQAJ7YkkIDYnR7M8hlFUYOkU="></latexit>

tan(�2 � �1) =
m12

m11�1 �m12↵1
<latexit sha1_base64="gvxEwyPke2Eat3lYHYdJcA71LIw="></latexit><latexit sha1_base64="gvxEwyPke2Eat3lYHYdJcA71LIw="></latexit><latexit sha1_base64="gvxEwyPke2Eat3lYHYdJcA71LIw="></latexit><latexit sha1_base64="gvxEwyPke2Eat3lYHYdJcA71LIw="></latexit>
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3.4: (very small) General Linear Transport Matrix

§ To this point we have religiously avoided differential 
equations
§ But the general linear transport matrix suggests a path

§ Look at motion over very short distances       and very 
small phase advances

Keep only leading terms in general Twiss matrix: 

�s
<latexit sha1_base64="n3+wo3StQAcaejqN3gTMOImRXOA=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV0RFE8BPXiMYB6QLGF20psMmZ1dZnoDYcnRH/Cqf+BNvPoh/oDf4STZg0ksaCiquunuChIpDLrut7O2vrG5tV3YKe7u7R8clo6OGyZONYc6j2WsWwEzIIWCOgqU0Eo0sCiQ0AyGd1O/OQJtRKyecJyAH7G+EqHgDK3U6tyDREZNt1R2K+4MdJV4OSmTHLVu6afTi3kagUIumTFtz03Qz5hGwSVMip3UQML4kPWhbaliERg/m907oedW6dEw1rYU0pn6dyJjkTHjKLCdEcOBWfam4n9eO8Xwxs+ESlIExeeLwlRSjOn0edoTGjjKsSWMa2FvpXzANONoI1rYMgA5ApwUbTDecgyrpHFZ8dyK93hVrt7mERXIKTkjF8Qj16RKHkiN1AknkryQV/LmPDvvzofzOW9dc/KZE7IA5+sX2iaYEg==</latexit><latexit sha1_base64="n3+wo3StQAcaejqN3gTMOImRXOA=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV0RFE8BPXiMYB6QLGF20psMmZ1dZnoDYcnRH/Cqf+BNvPoh/oDf4STZg0ksaCiquunuChIpDLrut7O2vrG5tV3YKe7u7R8clo6OGyZONYc6j2WsWwEzIIWCOgqU0Eo0sCiQ0AyGd1O/OQJtRKyecJyAH7G+EqHgDK3U6tyDREZNt1R2K+4MdJV4OSmTHLVu6afTi3kagUIumTFtz03Qz5hGwSVMip3UQML4kPWhbaliERg/m907oedW6dEw1rYU0pn6dyJjkTHjKLCdEcOBWfam4n9eO8Xwxs+ESlIExeeLwlRSjOn0edoTGjjKsSWMa2FvpXzANONoI1rYMgA5ApwUbTDecgyrpHFZ8dyK93hVrt7mERXIKTkjF8Qj16RKHkiN1AknkryQV/LmPDvvzofzOW9dc/KZE7IA5+sX2iaYEg==</latexit><latexit sha1_base64="n3+wo3StQAcaejqN3gTMOImRXOA=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV0RFE8BPXiMYB6QLGF20psMmZ1dZnoDYcnRH/Cqf+BNvPoh/oDf4STZg0ksaCiquunuChIpDLrut7O2vrG5tV3YKe7u7R8clo6OGyZONYc6j2WsWwEzIIWCOgqU0Eo0sCiQ0AyGd1O/OQJtRKyecJyAH7G+EqHgDK3U6tyDREZNt1R2K+4MdJV4OSmTHLVu6afTi3kagUIumTFtz03Qz5hGwSVMip3UQML4kPWhbaliERg/m907oedW6dEw1rYU0pn6dyJjkTHjKLCdEcOBWfam4n9eO8Xwxs+ESlIExeeLwlRSjOn0edoTGjjKsSWMa2FvpXzANONoI1rYMgA5ApwUbTDecgyrpHFZ8dyK93hVrt7mERXIKTkjF8Qj16RKHkiN1AknkryQV/LmPDvvzofzOW9dc/KZE7IA5+sX2iaYEg==</latexit><latexit sha1_base64="n3+wo3StQAcaejqN3gTMOImRXOA=">AAACA3icbVDLSgNBEJz1GeMr6tHLYBA8hV0RFE8BPXiMYB6QLGF20psMmZ1dZnoDYcnRH/Cqf+BNvPoh/oDf4STZg0ksaCiquunuChIpDLrut7O2vrG5tV3YKe7u7R8clo6OGyZONYc6j2WsWwEzIIWCOgqU0Eo0sCiQ0AyGd1O/OQJtRKyecJyAH7G+EqHgDK3U6tyDREZNt1R2K+4MdJV4OSmTHLVu6afTi3kagUIumTFtz03Qz5hGwSVMip3UQML4kPWhbaliERg/m907oedW6dEw1rYU0pn6dyJjkTHjKLCdEcOBWfam4n9eO8Xwxs+ESlIExeeLwlRSjOn0edoTGjjKsSWMa2FvpXzANONoI1rYMgA5ApwUbTDecgyrpHFZ8dyK93hVrt7mERXIKTkjF8Qj16RKHkiN1AknkryQV/LmPDvvzofzOW9dc/KZE7IA5+sX2iaYEg==</latexit>

��
<latexit sha1_base64="HTAo0YTadPpU8YlUC//RsBocEwc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0RFE8BPXiMYB6QXcLspDc7ZPbBTG8gLLn7A171D7yJV3/DH/A7nCR7MIkFDUVVN91dfiqFRtv+ttbWNza3tks75d29/YPDytFxSyeZ4tDkiUxUx2capIihiQIldFIFLPIltP3h3dRvj0BpkcRPOE7Bi9ggFoHgDI3Ude9BIqNuGopepWrX7BnoKnEKUiUFGr3Kj9tPeBZBjFwyrbuOnaKXM4WCS5iU3UxDyviQDaBraMwi0F4+O3lCz43Sp0GiTMVIZ+rfiZxFWo8j33RGDEO97E3F/7xuhsGNl4s4zRBiPl8UZJJiQqf/075QwFGODWFcCXMr5SFTjKNJaWFLCHIEOCmbYJzlGFZJ67Lm2DXn8apavy0iKpFTckYuiEOuSZ08kAZpEk4S8kJeyZv1bL1bH9bnvHXNKmZOyAKsr18t6Zla</latexit><latexit sha1_base64="HTAo0YTadPpU8YlUC//RsBocEwc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0RFE8BPXiMYB6QXcLspDc7ZPbBTG8gLLn7A171D7yJV3/DH/A7nCR7MIkFDUVVN91dfiqFRtv+ttbWNza3tks75d29/YPDytFxSyeZ4tDkiUxUx2capIihiQIldFIFLPIltP3h3dRvj0BpkcRPOE7Bi9ggFoHgDI3Ude9BIqNuGopepWrX7BnoKnEKUiUFGr3Kj9tPeBZBjFwyrbuOnaKXM4WCS5iU3UxDyviQDaBraMwi0F4+O3lCz43Sp0GiTMVIZ+rfiZxFWo8j33RGDEO97E3F/7xuhsGNl4s4zRBiPl8UZJJiQqf/075QwFGODWFcCXMr5SFTjKNJaWFLCHIEOCmbYJzlGFZJ67Lm2DXn8apavy0iKpFTckYuiEOuSZ08kAZpEk4S8kJeyZv1bL1bH9bnvHXNKmZOyAKsr18t6Zla</latexit><latexit sha1_base64="HTAo0YTadPpU8YlUC//RsBocEwc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0RFE8BPXiMYB6QXcLspDc7ZPbBTG8gLLn7A171D7yJV3/DH/A7nCR7MIkFDUVVN91dfiqFRtv+ttbWNza3tks75d29/YPDytFxSyeZ4tDkiUxUx2capIihiQIldFIFLPIltP3h3dRvj0BpkcRPOE7Bi9ggFoHgDI3Ude9BIqNuGopepWrX7BnoKnEKUiUFGr3Kj9tPeBZBjFwyrbuOnaKXM4WCS5iU3UxDyviQDaBraMwi0F4+O3lCz43Sp0GiTMVIZ+rfiZxFWo8j33RGDEO97E3F/7xuhsGNl4s4zRBiPl8UZJJiQqf/075QwFGODWFcCXMr5SFTjKNJaWFLCHIEOCmbYJzlGFZJ67Lm2DXn8apavy0iKpFTckYuiEOuSZ08kAZpEk4S8kJeyZv1bL1bH9bnvHXNKmZOyAKsr18t6Zla</latexit><latexit sha1_base64="HTAo0YTadPpU8YlUC//RsBocEwc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0RFE8BPXiMYB6QXcLspDc7ZPbBTG8gLLn7A171D7yJV3/DH/A7nCR7MIkFDUVVN91dfiqFRtv+ttbWNza3tks75d29/YPDytFxSyeZ4tDkiUxUx2capIihiQIldFIFLPIltP3h3dRvj0BpkcRPOE7Bi9ggFoHgDI3Ude9BIqNuGopepWrX7BnoKnEKUiUFGr3Kj9tPeBZBjFwyrbuOnaKXM4WCS5iU3UxDyviQDaBraMwi0F4+O3lCz43Sp0GiTMVIZ+rfiZxFWo8j33RGDEO97E3F/7xuhsGNl4s4zRBiPl8UZJJiQqf/075QwFGODWFcCXMr5SFTjKNJaWFLCHIEOCmbYJzlGFZJ67Lm2DXn8apavy0iKpFTckYuiEOuSZ08kAZpEk4S8kJeyZv1bL1bH9bnvHXNKmZOyAKsr18t6Zla</latexit>

s21 ⌘ sin(��) ⇡ �� c21 ⌘ cos(��) ⇡ 1
<latexit sha1_base64="2fBMtuX8Wi8njAfuzF5PNQor57A="></latexit><latexit sha1_base64="2fBMtuX8Wi8njAfuzF5PNQor57A="></latexit><latexit sha1_base64="2fBMtuX8Wi8njAfuzF5PNQor57A="></latexit><latexit sha1_base64="2fBMtuX8Wi8njAfuzF5PNQor57A="></latexit>

�2 = �1 +�� �� ⌧ �1,2
<latexit sha1_base64="AAVjbKl0RV1kdKuc3qOjJ2DZXxE=">AAACNXicbVDJSgNBEO1xjXGLevQyGARBCTNBMAhCQA8eI5gFMmHo6dQkTXoWumsCYYif4m/4A1717sGb5Oov2FkOWXzQ9KtXr6ju58WCK7SsL2NtfWNzazuzk93d2z84zB0d11SUSAZVFolINjyqQPAQqshRQCOWQANPQN3r3Y/79T5IxaPwGQcxtALaCbnPGUUtubmS4wFSt3g3ve1L5wEE0kn1ojFXOkJMTal9VRy6ubxVsCYwV4k9I3kyQ8XNjZx2xJIAQmSCKtW0rRhbKZXImYBh1kkUxJT1aAeamoY0ANVKJz8cmudaaZt+JPUJ0Zyo8xMpDZQaBJ52BhS7ark3Fv/rNRP0S62Uh3GCELLpIj8RJkbmOC6zzSUwFANNKJNcv9VkXSopQx3qwpYuiD7gMKuDsZdjWCW1YsG2CvbTdb58O4soQ07JGbkgNrkhZfJIKqRKGHkl7+SDfBpvxrfxY4ym1jVjNnNCFmD8/gF1A6xJ</latexit><latexit sha1_base64="AAVjbKl0RV1kdKuc3qOjJ2DZXxE=">AAACNXicbVDJSgNBEO1xjXGLevQyGARBCTNBMAhCQA8eI5gFMmHo6dQkTXoWumsCYYif4m/4A1717sGb5Oov2FkOWXzQ9KtXr6ju58WCK7SsL2NtfWNzazuzk93d2z84zB0d11SUSAZVFolINjyqQPAQqshRQCOWQANPQN3r3Y/79T5IxaPwGQcxtALaCbnPGUUtubmS4wFSt3g3ve1L5wEE0kn1ojFXOkJMTal9VRy6ubxVsCYwV4k9I3kyQ8XNjZx2xJIAQmSCKtW0rRhbKZXImYBh1kkUxJT1aAeamoY0ANVKJz8cmudaaZt+JPUJ0Zyo8xMpDZQaBJ52BhS7ark3Fv/rNRP0S62Uh3GCELLpIj8RJkbmOC6zzSUwFANNKJNcv9VkXSopQx3qwpYuiD7gMKuDsZdjWCW1YsG2CvbTdb58O4soQ07JGbkgNrkhZfJIKqRKGHkl7+SDfBpvxrfxY4ym1jVjNnNCFmD8/gF1A6xJ</latexit><latexit sha1_base64="AAVjbKl0RV1kdKuc3qOjJ2DZXxE=">AAACNXicbVDJSgNBEO1xjXGLevQyGARBCTNBMAhCQA8eI5gFMmHo6dQkTXoWumsCYYif4m/4A1717sGb5Oov2FkOWXzQ9KtXr6ju58WCK7SsL2NtfWNzazuzk93d2z84zB0d11SUSAZVFolINjyqQPAQqshRQCOWQANPQN3r3Y/79T5IxaPwGQcxtALaCbnPGUUtubmS4wFSt3g3ve1L5wEE0kn1ojFXOkJMTal9VRy6ubxVsCYwV4k9I3kyQ8XNjZx2xJIAQmSCKtW0rRhbKZXImYBh1kkUxJT1aAeamoY0ANVKJz8cmudaaZt+JPUJ0Zyo8xMpDZQaBJ52BhS7ark3Fv/rNRP0S62Uh3GCELLpIj8RJkbmOC6zzSUwFANNKJNcv9VkXSopQx3qwpYuiD7gMKuDsZdjWCW1YsG2CvbTdb58O4soQ07JGbkgNrkhZfJIKqRKGHkl7+SDfBpvxrfxY4ym1jVjNnNCFmD8/gF1A6xJ</latexit><latexit sha1_base64="AAVjbKl0RV1kdKuc3qOjJ2DZXxE=">AAACNXicbVDJSgNBEO1xjXGLevQyGARBCTNBMAhCQA8eI5gFMmHo6dQkTXoWumsCYYif4m/4A1717sGb5Oov2FkOWXzQ9KtXr6ju58WCK7SsL2NtfWNzazuzk93d2z84zB0d11SUSAZVFolINjyqQPAQqshRQCOWQANPQN3r3Y/79T5IxaPwGQcxtALaCbnPGUUtubmS4wFSt3g3ve1L5wEE0kn1ojFXOkJMTal9VRy6ubxVsCYwV4k9I3kyQ8XNjZx2xJIAQmSCKtW0rRhbKZXImYBh1kkUxJT1aAeamoY0ANVKJz8cmudaaZt+JPUJ0Zyo8xMpDZQaBJ52BhS7ark3Fv/rNRP0S62Uh3GCELLpIj8RJkbmOC6zzSUwFANNKJNcv9VkXSopQx3qwpYuiD7gMKuDsZdjWCW1YsG2CvbTdb58O4soQ07JGbkgNrkhZfJIKqRKGHkl7+SDfBpvxrfxY4ym1jVjNnNCFmD8/gF1A6xJ</latexit>
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3.4: (very small) General Linear Transport Matrix

§ We find equation 3.37:

But this must be close to a drift matrix for
reasonable strength magnets and very small �s,��

<latexit sha1_base64="pq1lV8r1DeqavNHOgK9hp3lRWtg=">AAACEnicbZBLSgNBEIZ7fMb4GhVXbhqD4ELCjAiKq4AuXEYwD8gMoadTSZr0POiuCYQht/ACbvUG7sStF/ACnsNOMguT+EPBx19VVPEHiRQaHefbWlldW9/YLGwVt3d29/btg8O6jlPFocZjGatmwDRIEUENBUpoJgpYGEhoBIO7Sb8xBKVFHD3hKAE/ZL1IdAVnaKy2fezdg0RG9QXNyUv6om2XnLIzFV0GN4cSyVVt2z9eJ+ZpCBFyybRuuU6CfsYUCi5hXPRSDQnjA9aDlsGIhaD9bPr+mJ4Zp0O7sTIVIZ26fzcyFmo9CgMzGTLs68XexPyv10qxe+NnIkpShIjPDnVTSTGmkyxoRyjgKEcGGFfC/Ep5nynG0SQ2d6UPcgg4Lppg3MUYlqF+WXadsvt4Varc5hEVyAk5JefEJdekQh5IldQIJxl5Ia/kzXq23q0P63M2umLlO0dkTtbXL1FvnRQ=</latexit><latexit sha1_base64="pq1lV8r1DeqavNHOgK9hp3lRWtg=">AAACEnicbZBLSgNBEIZ7fMb4GhVXbhqD4ELCjAiKq4AuXEYwD8gMoadTSZr0POiuCYQht/ACbvUG7sStF/ACnsNOMguT+EPBx19VVPEHiRQaHefbWlldW9/YLGwVt3d29/btg8O6jlPFocZjGatmwDRIEUENBUpoJgpYGEhoBIO7Sb8xBKVFHD3hKAE/ZL1IdAVnaKy2fezdg0RG9QXNyUv6om2XnLIzFV0GN4cSyVVt2z9eJ+ZpCBFyybRuuU6CfsYUCi5hXPRSDQnjA9aDlsGIhaD9bPr+mJ4Zp0O7sTIVIZ26fzcyFmo9CgMzGTLs68XexPyv10qxe+NnIkpShIjPDnVTSTGmkyxoRyjgKEcGGFfC/Ep5nynG0SQ2d6UPcgg4Lppg3MUYlqF+WXadsvt4Varc5hEVyAk5JefEJdekQh5IldQIJxl5Ia/kzXq23q0P63M2umLlO0dkTtbXL1FvnRQ=</latexit><latexit sha1_base64="pq1lV8r1DeqavNHOgK9hp3lRWtg=">AAACEnicbZBLSgNBEIZ7fMb4GhVXbhqD4ELCjAiKq4AuXEYwD8gMoadTSZr0POiuCYQht/ACbvUG7sStF/ACnsNOMguT+EPBx19VVPEHiRQaHefbWlldW9/YLGwVt3d29/btg8O6jlPFocZjGatmwDRIEUENBUpoJgpYGEhoBIO7Sb8xBKVFHD3hKAE/ZL1IdAVnaKy2fezdg0RG9QXNyUv6om2XnLIzFV0GN4cSyVVt2z9eJ+ZpCBFyybRuuU6CfsYUCi5hXPRSDQnjA9aDlsGIhaD9bPr+mJ4Zp0O7sTIVIZ26fzcyFmo9CgMzGTLs68XexPyv10qxe+NnIkpShIjPDnVTSTGmkyxoRyjgKEcGGFfC/Ep5nynG0SQ2d6UPcgg4Lppg3MUYlqF+WXadsvt4Varc5hEVyAk5JefEJdekQh5IldQIJxl5Ia/kzXq23q0P63M2umLlO0dkTtbXL1FvnRQ=</latexit><latexit sha1_base64="pq1lV8r1DeqavNHOgK9hp3lRWtg=">AAACEnicbZBLSgNBEIZ7fMb4GhVXbhqD4ELCjAiKq4AuXEYwD8gMoadTSZr0POiuCYQht/ACbvUG7sStF/ACnsNOMguT+EPBx19VVPEHiRQaHefbWlldW9/YLGwVt3d29/btg8O6jlPFocZjGatmwDRIEUENBUpoJgpYGEhoBIO7Sb8xBKVFHD3hKAE/ZL1IdAVnaKy2fezdg0RG9QXNyUv6om2XnLIzFV0GN4cSyVVt2z9eJ+ZpCBFyybRuuU6CfsYUCi5hXPRSDQnjA9aDlsGIhaD9bPr+mJ4Zp0O7sTIVIZ26fzcyFmo9CgMzGTLs68XexPyv10qxe+NnIkpShIjPDnVTSTGmkyxoRyjgKEcGGFfC/Ep5nynG0SQ2d6UPcgg4Lppg3MUYlqF+WXadsvt4Varc5hEVyAk5JefEJdekQh5IldQIJxl5Ia/kzXq23q0P63M2umLlO0dkTtbXL1FvnRQ=</latexit>

m12 terms ) d�

ds
=

1

�

m11 terms ) ↵ = �1

2

d�

ds
<latexit sha1_base64="6j0qS3GUjk6a2NwpxZNVs9l0fcY="></latexit><latexit sha1_base64="6j0qS3GUjk6a2NwpxZNVs9l0fcY="></latexit><latexit sha1_base64="6j0qS3GUjk6a2NwpxZNVs9l0fcY="></latexit><latexit sha1_base64="6j0qS3GUjk6a2NwpxZNVs9l0fcY="></latexit>
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3.4: Differential and Integral Twiss Relations

d�

ds
=

1

�
) �� = �2 � �1 =

Z 2

1

ds

�(s)
<latexit sha1_base64="BfhVhA0mHshszkQuiC/5z79M4ac="></latexit><latexit sha1_base64="BfhVhA0mHshszkQuiC/5z79M4ac="></latexit><latexit sha1_base64="BfhVhA0mHshszkQuiC/5z79M4ac="></latexit><latexit sha1_base64="BfhVhA0mHshszkQuiC/5z79M4ac="></latexit>

2⇡Q =

I
ds

�
<latexit sha1_base64="jPLzKnxDMYdAMbRQ5NBih45bs/Q=">AAACG3icbZDPSsNAEMY3/q31X9WjIItF8FQSERRBKHjx2IJVoQlls5nYxc0m7E4KJeTma/gCXvUNvIlXD76Az+G29qCtHyx8fDPDzP7CTAqDrvvpzM0vLC4tV1aqq2vrG5u1re1rk+aaQ4enMtW3ITMghYIOCpRwm2lgSSjhJry/GNVvBqCNSNUVDjMIEnanRCw4Qxv1antHfiZom55TPxUK/VgzXkSmLPwQkJW9Wt1tuGPRWeNNTJ1M1OrVvvwo5XkCCrlkxnQ9N8OgYBoFl1BW/dxAxvg9u4OutYolYIJi/I+SHtgkonGq7VNIx+nviYIlxgyT0HYmDPtmujYK/6t1c4xPg0KoLEdQ/GdRnEuKKR1BoZHQwFEOrWFcC3sr5X1mUaBF92dLH+QAsKxaMN40hllzfdTw3IbXPq43zyaIKmSX7JND4pET0iSXpEU6hJMH8kSeyYvz6Lw6b877T+ucM5nZIX/kfHwDRGahaA==</latexit><latexit sha1_base64="jPLzKnxDMYdAMbRQ5NBih45bs/Q=">AAACG3icbZDPSsNAEMY3/q31X9WjIItF8FQSERRBKHjx2IJVoQlls5nYxc0m7E4KJeTma/gCXvUNvIlXD76Az+G29qCtHyx8fDPDzP7CTAqDrvvpzM0vLC4tV1aqq2vrG5u1re1rk+aaQ4enMtW3ITMghYIOCpRwm2lgSSjhJry/GNVvBqCNSNUVDjMIEnanRCw4Qxv1antHfiZom55TPxUK/VgzXkSmLPwQkJW9Wt1tuGPRWeNNTJ1M1OrVvvwo5XkCCrlkxnQ9N8OgYBoFl1BW/dxAxvg9u4OutYolYIJi/I+SHtgkonGq7VNIx+nviYIlxgyT0HYmDPtmujYK/6t1c4xPg0KoLEdQ/GdRnEuKKR1BoZHQwFEOrWFcC3sr5X1mUaBF92dLH+QAsKxaMN40hllzfdTw3IbXPq43zyaIKmSX7JND4pET0iSXpEU6hJMH8kSeyYvz6Lw6b877T+ucM5nZIX/kfHwDRGahaA==</latexit><latexit sha1_base64="jPLzKnxDMYdAMbRQ5NBih45bs/Q=">AAACG3icbZDPSsNAEMY3/q31X9WjIItF8FQSERRBKHjx2IJVoQlls5nYxc0m7E4KJeTma/gCXvUNvIlXD76Az+G29qCtHyx8fDPDzP7CTAqDrvvpzM0vLC4tV1aqq2vrG5u1re1rk+aaQ4enMtW3ITMghYIOCpRwm2lgSSjhJry/GNVvBqCNSNUVDjMIEnanRCw4Qxv1antHfiZom55TPxUK/VgzXkSmLPwQkJW9Wt1tuGPRWeNNTJ1M1OrVvvwo5XkCCrlkxnQ9N8OgYBoFl1BW/dxAxvg9u4OutYolYIJi/I+SHtgkonGq7VNIx+nviYIlxgyT0HYmDPtmujYK/6t1c4xPg0KoLEdQ/GdRnEuKKR1BoZHQwFEOrWFcC3sr5X1mUaBF92dLH+QAsKxaMN40hllzfdTw3IbXPq43zyaIKmSX7JND4pET0iSXpEU6hJMH8kSeyYvz6Lw6b877T+ucM5nZIX/kfHwDRGahaA==</latexit><latexit sha1_base64="jPLzKnxDMYdAMbRQ5NBih45bs/Q=">AAACG3icbZDPSsNAEMY3/q31X9WjIItF8FQSERRBKHjx2IJVoQlls5nYxc0m7E4KJeTma/gCXvUNvIlXD76Az+G29qCtHyx8fDPDzP7CTAqDrvvpzM0vLC4tV1aqq2vrG5u1re1rk+aaQ4enMtW3ITMghYIOCpRwm2lgSSjhJry/GNVvBqCNSNUVDjMIEnanRCw4Qxv1antHfiZom55TPxUK/VgzXkSmLPwQkJW9Wt1tuGPRWeNNTJ1M1OrVvvwo5XkCCrlkxnQ9N8OgYBoFl1BW/dxAxvg9u4OutYolYIJi/I+SHtgkonGq7VNIx+nviYIlxgyT0HYmDPtmujYK/6t1c4xPg0KoLEdQ/GdRnEuKKR1BoZHQwFEOrWFcC3sr5X1mUaBF92dLH+QAsKxaMN40hllzfdTw3IbXPq43zyaIKmSX7JND4pET0iSXpEU6hJMH8kSeyYvz6Lw6b877T+ucM5nZIX/kfHwDRGahaA==</latexit>

Ring

Generally

x1 = a
p

� sin(µ+ �0)

x0
1 =

ap
�
[cos(µ+ �0)� ↵ sin(µ+ �0)]

<latexit sha1_base64="z9T16FJjV7aWvUwpqpCShMfY7hA="></latexit><latexit sha1_base64="z9T16FJjV7aWvUwpqpCShMfY7hA="></latexit><latexit sha1_base64="z9T16FJjV7aWvUwpqpCShMfY7hA="></latexit><latexit sha1_base64="z9T16FJjV7aWvUwpqpCShMfY7hA="></latexit>

Differentiation x by s and applying differential 
relations gives same equation for x’
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Continuous Twiss Parameter Plot: RHIC IR
Figure 3.4
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Review

betatron phase advance

�(s) ⌘ �1

2
⇥0(s)

⇤(s) ⌘ 1 + �(s)2

⇥(s)
�(s) = �(s+ C)

✓
x
x0

◆

s0+C

=

✓
cosµ+ �(0) sinµ ⇥(0) sinµ

�⇤(0) sinµ cosµ� �(0) sinµ

◆✓
x
x0

◆

s0

TrM = 2 cosµ

M = I cosµ+ J sinµ I =

✓
1 0
0 1

◆
J(s0) ⌘

✓
�(0) ⇥(0)
�⇤(0) ��(0)

◆

J2 = �I ) M = eJ(s)µ

Particle position motion x(s) = a
p

�(s) sin(��)
<latexit sha1_base64="RV4r/o1mXGXQRV7Oy3Urmci0o3U="></latexit><latexit sha1_base64="RV4r/o1mXGXQRV7Oy3Urmci0o3U="></latexit><latexit sha1_base64="RV4r/o1mXGXQRV7Oy3Urmci0o3U="></latexit><latexit sha1_base64="RV4r/o1mXGXQRV7Oy3Urmci0o3U="></latexit>

�� =

Z
ds

�(s)
<latexit sha1_base64="aAIeYKgx+WGFurhr9NF2tHgjO4M=">AAACH3icbZDLSsNAFIYn9VbrrerSTWgRdFMSERRBKOjCZQV7gaaUyfSkHTqZhJmTQgnZ+xq+gFt9A3fiti/gczi9LGz1h4Gf/5zDOfP5seAaHWdi5dbWNza38tuFnd29/YPi4VFDR4liUGeRiFTLpxoEl1BHjgJasQIa+gKa/vBuWm+OQGkeySccx9AJaV/ygDOKJuoWS949CKRePOC3HpfoBYqytKez1PMB6Zk+z7rFslNxZrL/GndhymShWrf47fUiloQgkQmqddt1YuykVCFnArKCl2iIKRvSPrSNlTQE3Ulnf8nsU5P07CBS5km0Z+nviZSGWo9D33SGFAd6tTYN/6u1EwyuOymXcYIg2XxRkAgbI3sKxu5xBQzF2BjKFDe32mxADQ00+Ja2DECMALOCAeOuYvhrGhcV16m4j5fl6s0CUZ6ckBI5Iy65IlXyQGqkThh5Jq/kjbxbL9aH9Wl9zVtz1mLmmCzJmvwAhWejsA==</latexit><latexit sha1_base64="aAIeYKgx+WGFurhr9NF2tHgjO4M=">AAACH3icbZDLSsNAFIYn9VbrrerSTWgRdFMSERRBKOjCZQV7gaaUyfSkHTqZhJmTQgnZ+xq+gFt9A3fiti/gczi9LGz1h4Gf/5zDOfP5seAaHWdi5dbWNza38tuFnd29/YPi4VFDR4liUGeRiFTLpxoEl1BHjgJasQIa+gKa/vBuWm+OQGkeySccx9AJaV/ygDOKJuoWS949CKRePOC3HpfoBYqytKez1PMB6Zk+z7rFslNxZrL/GndhymShWrf47fUiloQgkQmqddt1YuykVCFnArKCl2iIKRvSPrSNlTQE3Ulnf8nsU5P07CBS5km0Z+nviZSGWo9D33SGFAd6tTYN/6u1EwyuOymXcYIg2XxRkAgbI3sKxu5xBQzF2BjKFDe32mxADQ00+Ja2DECMALOCAeOuYvhrGhcV16m4j5fl6s0CUZ6ckBI5Iy65IlXyQGqkThh5Jq/kjbxbL9aH9Wl9zVtz1mLmmCzJmvwAhWejsA==</latexit><latexit sha1_base64="aAIeYKgx+WGFurhr9NF2tHgjO4M=">AAACH3icbZDLSsNAFIYn9VbrrerSTWgRdFMSERRBKOjCZQV7gaaUyfSkHTqZhJmTQgnZ+xq+gFt9A3fiti/gczi9LGz1h4Gf/5zDOfP5seAaHWdi5dbWNza38tuFnd29/YPi4VFDR4liUGeRiFTLpxoEl1BHjgJasQIa+gKa/vBuWm+OQGkeySccx9AJaV/ygDOKJuoWS949CKRePOC3HpfoBYqytKez1PMB6Zk+z7rFslNxZrL/GndhymShWrf47fUiloQgkQmqddt1YuykVCFnArKCl2iIKRvSPrSNlTQE3Ulnf8nsU5P07CBS5km0Z+nviZSGWo9D33SGFAd6tTYN/6u1EwyuOymXcYIg2XxRkAgbI3sKxu5xBQzF2BjKFDe32mxADQ00+Ja2DECMALOCAeOuYvhrGhcV16m4j5fl6s0CUZ6ckBI5Iy65IlXyQGqkThh5Jq/kjbxbL9aH9Wl9zVtz1mLmmCzJmvwAhWejsA==</latexit><latexit sha1_base64="aAIeYKgx+WGFurhr9NF2tHgjO4M=">AAACH3icbZDLSsNAFIYn9VbrrerSTWgRdFMSERRBKOjCZQV7gaaUyfSkHTqZhJmTQgnZ+xq+gFt9A3fiti/gczi9LGz1h4Gf/5zDOfP5seAaHWdi5dbWNza38tuFnd29/YPi4VFDR4liUGeRiFTLpxoEl1BHjgJasQIa+gKa/vBuWm+OQGkeySccx9AJaV/ygDOKJuoWS949CKRePOC3HpfoBYqytKez1PMB6Zk+z7rFslNxZrL/GndhymShWrf47fUiloQgkQmqddt1YuykVCFnArKCl2iIKRvSPrSNlTQE3Ulnf8nsU5P07CBS5km0Z+nviZSGWo9D33SGFAd6tTYN/6u1EwyuOymXcYIg2XxRkAgbI3sKxu5xBQzF2BjKFDe32mxADQ00+Ja2DECMALOCAeOuYvhrGhcV16m4j5fl6s0CUZ6ckBI5Iy65IlXyQGqkThh5Jq/kjbxbL9aH9Wl9zVtz1mLmmCzJmvwAhWejsA==</latexit>

µ = 2⇡Q =

Z s0+C

s0

ds

�(s)
<latexit sha1_base64="0lopdaSFY+BjUbg7GZSkvcc0L+c="></latexit><latexit sha1_base64="0lopdaSFY+BjUbg7GZSkvcc0L+c="></latexit><latexit sha1_base64="0lopdaSFY+BjUbg7GZSkvcc0L+c="></latexit><latexit sha1_base64="0lopdaSFY+BjUbg7GZSkvcc0L+c="></latexit>
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Break

✓
x
x0

◆

s0+C

=

✓
cosµ+ �(0) sinµ ⇥(0) sinµ

�⇤(0) sinµ cosµ� �(0) sinµ

◆✓
x
x0

◆

s0

Periodic motion: ”rotations” 
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Matrix Example: Doublet Strong Focusing

§ Consider a doublet of thin quadrupoles separated by 
drift L

There is net focusing given by this alternating gradient system
A fundamental point of optics, and of accelerator strong focusing

L

fF

fD

1

fdoublet
=

1

fD
� 1

fF
� L

fF fD

fD = fF = f ) 1

fdoublet
= � L

f2

Mdoublet =

✓
1 0
1
fD

1

◆✓
1 L
0 1

◆✓
1 0

� 1
fF

1

◆
=

 
1� L

fF
L

1
fD

� 1
fF

� L
fF fD

1 + L
fD

!

Thin quadrupole
matrices

fF , fD > 0
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Strong Focusing: Another View

For this to be focusing, x’ must have opposite sign of x where 
these are coordinates of transformation of incoming paraxial ray

Equal strength doublet is net focusing under condition that each 
lens’ focal length is greater than distance between them

L

fF

fD

Mdoublet =

✓
1 0
1
fD

1

◆✓
1 L
0 1

◆✓
1 0

� 1
fF

1

◆
=

 
1� L

fF
L

1
fD

� 1
fF

� L
fF fD

1 + L
fD

!

incoming paraxial ray

✓
x
x0

◆
= Mdoublet

✓
x0

0

◆
=

 
1� L

fF
1
fD

� 1
fF

� L
fF fD

!
x0

fF = fD x0 < 0 BUT x > 0 i� fF > L
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3.5 (kinda): Lattice Optics: FODO Lives!
(Be very careful in comparisons to other references!)

§ Most accelerator lattices are designed in modular ways
§ Design and operational clarity, separation of functions

§ One of the most common modules is a FODO module
§ Alternating focusing and defocusing “strong” quadrupoles
§ Spaces between are combinations of drifts and dipoles
§ Strong quadrupoles dominate the focusing
§ Periodicity is one FODO “cell” so we’ll investigate that 

motion
§ Horizontal beam size largest at centers of focusing quads
§ Vertical beam size largest at centers of defocusing quads

cell
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<latexit sha1_base64="Zs6lE5vOuqqkeMBFkKK8+ccgEpo=">AAAB/XicbZDLSsNAFIZPvNZ6q27dDIrgqiSlVgsuBDcuXFSwF2iDTKYndnBycWYilJAX8AXc6hu4Ex/FF/A5nCQiVv1hmJ//n+EcPi8WXGnbfrfm5hcWl5YrK9XVtfWNzdrWWk9FiWTYZZGI5MCjCgUPsau5FjiIJdLAE9j3bs/yvn+PUvEovNLTGN2A3oTc54xqE7kjX1KWXmRpIzvxr2t7dt0uRErjNIw5tJ12q0Wcr2rvtAmFOte1j9E4YkmAoWaCKjV07Fi7KZWaM4FZdZQojCm7pTc4NDakASo3LZbOyL5JxsSPpDmhJkX680dKA6WmgWdeBlRP1O8uD//rhon2j92Uh3GiMWTlID8RREckJ0DGXCLTYmoMZZKbXQmbUMNBG04zUyYo7lFn1QJMO9fhN4a/pteoO61687IJFdiBXTgAB47gFM6hA11gcAeP8ATP1oP1Yr2WCOes8oZtmJH19glk8pnY</latexit>

L

2
< f

<latexit sha1_base64="lz2HIRB+TShJ7Nl7O6VznJlL+0A="></latexit>

1� 2(qL)2 = cosµ = 1� 2 sin2
µ

2
) sin

µ

2
= ±qL = ± L

2f

<latexit sha1_base64="GqeVkJXie73/LR6m2Owje5msdpM=">AAACFXicbZDNSgMxFIXv+Ftr1erWTVAEXVimpf4thIIbFwoVrAqdKpn01oYmM2OSKZShD+Br+AJu9Q3ciUtfwOcwMxVR64GQj3NvuDfHjwTXxnXfnYnJqemZ2dxcfr6wsLhUXC5c6DBWDBssFKG68qlGwQNsGG4EXkUKqfQFXvq9o7R+2UeleRicm0GELUlvA97hjBpr3RTXPUlNV8nkXA1PySGpeCzUnoxT3K5u3p1sXVdsl1tyM5FxKH/Beq0Kmeo3xQ+vHbJYYmCYoFo3y25kWglVhjOBw7wXa4wo69FbbFoMqETdSrLPDMmGddqkEyp7AkMy9+eLhEqtB9K3nenq+m8tNf+rNWPT2W8lPIhigwEbDerEgpiQpMmQNlfIjBhYoExxuythXaooMza/X1O6KPpohvksmINUO98xjMNFpVTeLVXPqpCDVViDTSjDHtTgGOrQAAb38AhP8Ow8OC/O6yjCCWd0wwr8kvP2CRotoNM=</latexit>

TrM = 2 cosµ = 2� 4(qL)2

<latexit sha1_base64="voOLxs6yJRu5Lj9be/Wuj3+IRrw="></latexit>

M =

✓
1� 2(qL)2 2L(1 + (qL))

�2q(qL)(1� qL) 1� 2(qL)2

◆

<latexit sha1_base64="IoNEyv0ADi/bdRP/AB69Bc7Nxak="></latexit>

M =

✓
1 0
�q 1

◆✓
1 L
0 1

◆✓
1 0
2q 1

◆✓
1 L
0 1

◆✓
1 0
�q 1

◆

Periodic Example: FODO Cell Phase Advance

§ Select periodicity between centers of focusing quads
§ A natural periodicity if we want to calculate maximum b(s)

§ only has real solutions (stability) if 

�2f �2ff

cell

µ

<latexit sha1_base64="6ryRq9SuZP2K3kxexTgGd6RjNQ8=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAhuLIlUrbuCG5dV7APaUCbTm3boZBJnJoUSij/gVv/Anbj1W/wBv8MkLWKtBy4czrmXe+9xQ86UtqxPY2l5ZXVtPbeR39za3tkt7O03VBBJinUa8EC2XKKQM4F1zTTHViiR+C7Hpju8Tv3mCKVigbjX4xAdn/QF8xglOpHuTh+6haJVsjKYi8SekWK1DBlq3cJXpxfQyEehKSdKtW0r1E5MpGaU4yTfiRSGhA5JH9sJFcRH5cTZpRPzOFF6phfIpIQ2M/X3REx8pca+m3T6RA/UXy8V//PakfYqTsxEGGkUdLrIi7ipAzN92+wxiVTzcUIIlSy51aQDIgnVSThzWwbIR6gn+SyYqxTnPzEsksZZyb4olW/LxWplmhDk4BCO4ARsuIQq3EAN6kDBgyd4hhfj0Xg13oz3aeuSMZs5gDkYH98jtZZH</latexit>

�q
<latexit sha1_base64="6ryRq9SuZP2K3kxexTgGd6RjNQ8=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAhuLIlUrbuCG5dV7APaUCbTm3boZBJnJoUSij/gVv/Anbj1W/wBv8MkLWKtBy4czrmXe+9xQ86UtqxPY2l5ZXVtPbeR39za3tkt7O03VBBJinUa8EC2XKKQM4F1zTTHViiR+C7Hpju8Tv3mCKVigbjX4xAdn/QF8xglOpHuTh+6haJVsjKYi8SekWK1DBlq3cJXpxfQyEehKSdKtW0r1E5MpGaU4yTfiRSGhA5JH9sJFcRH5cTZpRPzOFF6phfIpIQ2M/X3REx8pca+m3T6RA/UXy8V//PakfYqTsxEGGkUdLrIi7ipAzN92+wxiVTzcUIIlSy51aQDIgnVSThzWwbIR6gn+SyYqxTnPzEsksZZyb4olW/LxWplmhDk4BCO4ARsuIQq3EAN6kDBgyd4hhfj0Xg13oz3aeuSMZs5gDkYH98jtZZH</latexit>

�q

<latexit sha1_base64="Wj3RQHFX+v+mYWFT37/41e+X/vo=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYhA8hd0QNd4CXjxGMQ9IljA76U2GzD6cmQ2EJfgDXvUPvIlXv8Uf8Duc3QQxxoKGoqqb7i434kwqy/o0VlbX1jc2c1v57Z3dvf3CwWFThrGg2KAhD0XbJRI5C7ChmOLYjgQS3+XYckfXqd8ao5AsDO7VJELHJ4OAeYwSpaW78kOvULRKVgZzmdhzUqxVIEO9V/jq9kMa+xgoyomUHduKlJMQoRjlOM13Y4kRoSMywI6mAfFROkl26dQ81Urf9EKhK1Bmpv6eSIgv5cR3dadP1FD+9VLxP68TK6/qJCyIYoUBnS3yYm6q0EzfNvtMIFV8ogmhgulbTTokglClw1nYMkQ+RjXNZ8FcpTj/iWGZNMsl+6JUua0Ua9VZQpCDYziBM7DhEmpwA3VoAAUPnuAZXoxH49V4M95nrSvGfOYIFmB8fAMrspZM</latexit>

2q

<latexit sha1_base64="dOCcx3eT8eTtKF2IK9eKvzMloSY=">AAACE3icbVDLSsNAFL2p7/qKCm7cBItQNzUp9bUQim5cKlhbaEuZTG/s0EkmzkwKJda/8Afc6h+4E7d+gD/gd5ikIr4OXDiccy/3cNyQM6Vt+83ITUxOTc/MzuXnFxaXls2V1UslIkmxRgUXsuEShZwFWNNMc2yEEonvcqy7/ZPUrw9QKiaCCz0Mse2Tq4B5jBKdSB1zveUT3ZN+fCxEf3R7feTsFMvedscs2CU7g/WXOJ+kUK1AhrOO+d7qChr5GGjKiVJNxw51OyZSM8pxlG9FCkNC++QKmwkNiI+qHWf5R9ZWonQtT8hkAm1l6veLmPhKDX032UzTqt9eKv7nNSPtHbRjFoSRxoCOH3kRt7Sw0jKsLpNINR8mhFDJkqwW7RFJqE4q+/Glh3yAepTPijlMsftVw19yWS45e6XKeaVQPRg3BLOwAZtQBAf2oQqncAY1oHAD9/AAj8ad8WQ8Gy/j1ZzxebMGP2C8fgBsrZ5/</latexit>

Book q = 1/(2f)

<latexit sha1_base64="SMwtOZlr9YWVGIS+duVA1jllKH4=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexK1HgLePHgIQHzgGQJs5PeZMjsg5nZQFjiD3jVP/AmXv0Xf8DvcHcTxBgLGoqqbrq7nFBwpU3z08itrW9sbuW3Czu7e/sHxcOjlgoiybDJAhHIjkMVCu5jU3MtsBNKpJ4jsO2Mb1O/PUGpeOA/6GmItkeHPnc5ozqRGvf9YsksmxnIKrEWpFSrQIZ6v/jVGwQs8tDXTFClupYZajumUnMmcFboRQpDysZ0iN2E+tRDZcfZoTNyligD4gYyKV+TTP09EVNPqannJJ0e1SP110vF/7xupN2qHXM/jDT6bL7IjQTRAUm/JgMukWkxTQhlkie3EjaikjKdZLO0ZYRignpWyIK5SXH5E8MqaV2UratypVEp1arzhCAPJ3AK52DBNdTgDurQBAYIT/AML8aj8Wq8Ge/z1pyxmDmGJRgf33vRles=</latexit>

L

<latexit sha1_base64="SMwtOZlr9YWVGIS+duVA1jllKH4=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexK1HgLePHgIQHzgGQJs5PeZMjsg5nZQFjiD3jVP/AmXv0Xf8DvcHcTxBgLGoqqbrq7nFBwpU3z08itrW9sbuW3Czu7e/sHxcOjlgoiybDJAhHIjkMVCu5jU3MtsBNKpJ4jsO2Mb1O/PUGpeOA/6GmItkeHPnc5ozqRGvf9YsksmxnIKrEWpFSrQIZ6v/jVGwQs8tDXTFClupYZajumUnMmcFboRQpDysZ0iN2E+tRDZcfZoTNyligD4gYyKV+TTP09EVNPqannJJ0e1SP110vF/7xupN2qHXM/jDT6bL7IjQTRAUm/JgMukWkxTQhlkie3EjaikjKdZLO0ZYRignpWyIK5SXH5E8MqaV2UratypVEp1arzhCAPJ3AK52DBNdTgDurQBAYIT/AML8aj8Wq8Ge/z1pyxmDmGJRgf33vRles=</latexit>

L

book 3.47

book 3.49

cell length 2L
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<latexit sha1_base64="voOLxs6yJRu5Lj9be/Wuj3+IRrw="></latexit>

M =

✓
1� 2(qL)2 2L(1 + (qL))

�2q(qL)(1� qL) 1� 2(qL)2

◆

Periodic Example: FODO Cell Beta Max/Min

§ What is the maximum beta function,    ? 
§ A natural periodicity if we want to calculate maximum b(s)

§ Follow a similar strategy reversing F/D quadrupoles to find 
the minimum b(s) within a FODO cell (center of D quad)

�̂

( m12 = � sinµ

�2f �2ff

cell

<latexit sha1_base64="6ryRq9SuZP2K3kxexTgGd6RjNQ8=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAhuLIlUrbuCG5dV7APaUCbTm3boZBJnJoUSij/gVv/Anbj1W/wBv8MkLWKtBy4czrmXe+9xQ86UtqxPY2l5ZXVtPbeR39za3tkt7O03VBBJinUa8EC2XKKQM4F1zTTHViiR+C7Hpju8Tv3mCKVigbjX4xAdn/QF8xglOpHuTh+6haJVsjKYi8SekWK1DBlq3cJXpxfQyEehKSdKtW0r1E5MpGaU4yTfiRSGhA5JH9sJFcRH5cTZpRPzOFF6phfIpIQ2M/X3REx8pca+m3T6RA/UXy8V//PakfYqTsxEGGkUdLrIi7ipAzN92+wxiVTzcUIIlSy51aQDIgnVSThzWwbIR6gn+SyYqxTnPzEsksZZyb4olW/LxWplmhDk4BCO4ARsuIQq3EAN6kDBgyd4hhfj0Xg13oz3aeuSMZs5gDkYH98jtZZH</latexit>

�q
<latexit sha1_base64="6ryRq9SuZP2K3kxexTgGd6RjNQ8=">AAAB/XicbVDLSsNAFL3xWeur6tJNsAhuLIlUrbuCG5dV7APaUCbTm3boZBJnJoUSij/gVv/Anbj1W/wBv8MkLWKtBy4czrmXe+9xQ86UtqxPY2l5ZXVtPbeR39za3tkt7O03VBBJinUa8EC2XKKQM4F1zTTHViiR+C7Hpju8Tv3mCKVigbjX4xAdn/QF8xglOpHuTh+6haJVsjKYi8SekWK1DBlq3cJXpxfQyEehKSdKtW0r1E5MpGaU4yTfiRSGhA5JH9sJFcRH5cTZpRPzOFF6phfIpIQ2M/X3REx8pca+m3T6RA/UXy8V//PakfYqTsxEGGkUdLrIi7ipAzN92+wxiVTzcUIIlSy51aQDIgnVSThzWwbIR6gn+SyYqxTnPzEsksZZyb4olW/LxWplmhDk4BCO4ARsuIQq3EAN6kDBgyd4hhfj0Xg13oz3aeuSMZs5gDkYH98jtZZH</latexit>

�q

<latexit sha1_base64="Wj3RQHFX+v+mYWFT37/41e+X/vo=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYhA8hd0QNd4CXjxGMQ9IljA76U2GzD6cmQ2EJfgDXvUPvIlXv8Uf8Duc3QQxxoKGoqqb7i434kwqy/o0VlbX1jc2c1v57Z3dvf3CwWFThrGg2KAhD0XbJRI5C7ChmOLYjgQS3+XYckfXqd8ao5AsDO7VJELHJ4OAeYwSpaW78kOvULRKVgZzmdhzUqxVIEO9V/jq9kMa+xgoyomUHduKlJMQoRjlOM13Y4kRoSMywI6mAfFROkl26dQ81Urf9EKhK1Bmpv6eSIgv5cR3dadP1FD+9VLxP68TK6/qJCyIYoUBnS3yYm6q0EzfNvtMIFV8ogmhgulbTTokglClw1nYMkQ+RjXNZ8FcpTj/iWGZNMsl+6JUua0Ua9VZQpCDYziBM7DhEmpwA3VoAAUPnuAZXoxH49V4M95nrSvGfOYIFmB8fAMrspZM</latexit>

2q

<latexit sha1_base64="dOCcx3eT8eTtKF2IK9eKvzMloSY=">AAACE3icbVDLSsNAFL2p7/qKCm7cBItQNzUp9bUQim5cKlhbaEuZTG/s0EkmzkwKJda/8Afc6h+4E7d+gD/gd5ikIr4OXDiccy/3cNyQM6Vt+83ITUxOTc/MzuXnFxaXls2V1UslIkmxRgUXsuEShZwFWNNMc2yEEonvcqy7/ZPUrw9QKiaCCz0Mse2Tq4B5jBKdSB1zveUT3ZN+fCxEf3R7feTsFMvedscs2CU7g/WXOJ+kUK1AhrOO+d7qChr5GGjKiVJNxw51OyZSM8pxlG9FCkNC++QKmwkNiI+qHWf5R9ZWonQtT8hkAm1l6veLmPhKDX032UzTqt9eKv7nNSPtHbRjFoSRxoCOH3kRt7Sw0jKsLpNINR8mhFDJkqwW7RFJqE4q+/Glh3yAepTPijlMsftVw19yWS45e6XKeaVQPRg3BLOwAZtQBAf2oQqncAY1oHAD9/AAj8ad8WQ8Gy/j1ZzxebMGP2C8fgBsrZ5/</latexit>

Book q = 1/(2f)

<latexit sha1_base64="SMwtOZlr9YWVGIS+duVA1jllKH4=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexK1HgLePHgIQHzgGQJs5PeZMjsg5nZQFjiD3jVP/AmXv0Xf8DvcHcTxBgLGoqqbrq7nFBwpU3z08itrW9sbuW3Czu7e/sHxcOjlgoiybDJAhHIjkMVCu5jU3MtsBNKpJ4jsO2Mb1O/PUGpeOA/6GmItkeHPnc5ozqRGvf9YsksmxnIKrEWpFSrQIZ6v/jVGwQs8tDXTFClupYZajumUnMmcFboRQpDysZ0iN2E+tRDZcfZoTNyligD4gYyKV+TTP09EVNPqannJJ0e1SP110vF/7xupN2qHXM/jDT6bL7IjQTRAUm/JgMukWkxTQhlkie3EjaikjKdZLO0ZYRignpWyIK5SXH5E8MqaV2UratypVEp1arzhCAPJ3AK52DBNdTgDurQBAYIT/AML8aj8Wq8Ge/z1pyxmDmGJRgf33vRles=</latexit>

L

<latexit sha1_base64="SMwtOZlr9YWVGIS+duVA1jllKH4=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexK1HgLePHgIQHzgGQJs5PeZMjsg5nZQFjiD3jVP/AmXv0Xf8DvcHcTxBgLGoqqbrq7nFBwpU3z08itrW9sbuW3Czu7e/sHxcOjlgoiybDJAhHIjkMVCu5jU3MtsBNKpJ4jsO2Mb1O/PUGpeOA/6GmItkeHPnc5ozqRGvf9YsksmxnIKrEWpFSrQIZ6v/jVGwQs8tDXTFClupYZajumUnMmcFboRQpDysZ0iN2E+tRDZcfZoTNyligD4gYyKV+TTP09EVNPqannJJ0e1SP110vF/7xupN2qHXM/jDT6bL7IjQTRAUm/JgMukWkxTQhlkie3EjaikjKdZLO0ZYRignpWyIK5SXH5E8MqaV2UratypVEp1arzhCAPJ3AK52DBNdTgDurQBAYIT/AML8aj8Wq8Ge/z1pyxmDmGJRgf33vRles=</latexit>

L

<latexit sha1_base64="FGjcrStBcQuLt2yhU1DN7LUz7o0="></latexit>

�̂ sinµ = 2L
⇣
1 + sin

µ

2

⌘
<latexit sha1_base64="dqolbIo7RR3gCSOLXuqZP3GVIS0="></latexit>

�̂ =
2L

sinµ

⇣
1 + sin

µ

2

⌘

<latexit sha1_base64="VV0F9sPIE80/h0rwHJ4fQ3zZUko="></latexit>

�̌ =
2L

sinµ

⇣
1� sin

µ

2

⌘
equivalent to book 3.50

cell length 2L
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FODO Betatron Functions vs Phase Advance

Generally want /L small
  Strong focusing
  Smaller magnets
  Less expensive accelerator

�̂

H
er

e 
th

er
e 

be
 d

ra
go

ns

�̂

<latexit sha1_base64="aXAEDQDia1IJSXZApcgsE98/o4w=">AAAB/XicbZDLSsNAFIZP6q3WqtWtm2ARXJVU6m1XcOOygr1AE8pketoOnVycOSmUkBfwBdzqG7gTH8UX8DlMUhFr/WGYn/+f4Rw+N5RCk2V9GIW19Y3NreJ2aae8u7dfOSh3dBApjm0eyED1XKZRCh/bJEhiL1TIPFdi153eZH13hkqLwL+neYiOx8a+GAnOKI0cm0+QT2PbRWLJoFK1alYuc9XUv0212YBcrUHl0x4GPPLQJy6Z1v26FZITM0WCS0xKdqQxZHzKxthPrc881E6cL52YJ2kyNEeBSo9PZp7+/hEzT+u556YvPUYT/bfLwv+6fkSjKycWfhgR+nwxaBRJkwIzI2AOhUJOcp4axpVIdzX5hCnGKeW0NGWCcoaUlHIw15nOfzCsms5ZrX5Ra9w1oAhHcAynUIdLaMIttKANHB7gCZ7hxXg0Xo23BcKCsbjhEJZkvH8Bn8iZ/A==</latexit>

�̌

Book Figure 3.6 cell length 2L



T. Satogata / January 2024          USPAS Accelerator Physics 28

FODO Beta Function, Betatron Motion

§ This is a picture of a FODO lattice, showing contours of 
since the particle motion goes like
§ This also shows a particle oscillating through the lattice
§ Note that            provides an “envelope” for particle oscillations

• is sometimes called the envelope function for the 
lattice

§ Min beta is at defocusing quads, max beta is at focusing quads
§ 6.5 periodic FODO cells per betatron oscillation

±
p

�(s)

design trajectory

Betatron motion
trajectory

p
�(s)p

�(s)

(C&M Fig. 5.3)

) µ = 360�/6.5 ⇡ 55�

x(s) = A
p
�(s) cos[�(s) +�0]
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<latexit sha1_base64="7a3EhpNptE0c06BaoU3z5fHGNWU="></latexit>

�̌ =
2L

sinµ

⇣
1� sin

µ

2

⌘
⇡ 8.7 m

<latexit sha1_base64="bgiVV7G/A5VKSUWtejYVD0C2GO8="></latexit>

�̂ =
2L

sinµ

⇣
1 + sin

µ

2

⌘
⇡ 53 m

Example: RHIC FODO Lattice

§ 1/6 of one of two RHIC synchrotron rings, injection lattice
§ FODO cell length is about 30 m; L=15m
§ Phase advance per FODO cell is about 

Horizontal Vertical

low-beta insertion

FODO

low-beta insertion

matching

quadrupoles
dipoles

cell length 2L
<latexit sha1_base64="NVfnjAOYtz7C33pnva4/j7CnSqo="></latexit>

µ = 77� = 1.344 rad

J
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Stability Diagrams
§ Designers often want or need to change the focusing 

of the two transverse planes in a FODO structure
§ What happens if the focusing/defocusing strengths 

differ?

§ Recalculate the M matrix and use dimensionless 
quantities

then take the trace for stability conditions to find

cell

�2fF fD �2fF

cosµ = 1 +D � F � FD

2
sin2

µ

2
=

FD

4
+

F �D

2

Beyond the book!

<latexit sha1_base64="l+VHkv5R++JVJ517JcQaLBu0zGw=">AAAB8XicbVDLTgJBEOzFFyIqevUykZh4IrsEUG4kXjx4gEQeCRAyOzQwYfaRmVkSQvAHvOofeDN+kD/gdzi7a4yolUy6UtWd7ik3FFxp2363MlvbO7t72f3cQf7w6Lhwku+oIJIM2ywQgey5VKHgPrY11wJ7oUTquQK77vwm9rsLlIoH/r1ehjj06NTnE86oNlLrblQo2iU7AUmJUzakajv1Wo04X1axUYEEzVHhYzAOWOShr5mgSvUdO9TDFZWaM4Hr3CBSGFI2p1PsG+pTD9VwlRy6JhdGGZNJIM3zNUnUnxMr6im19FzT6VE9U7+9WPzP60d6cj1ccT+MNPosXTSJBNEBiX9Nxlwi02JpCGWSm1sJm1FJmTbZbGyZoVigXueSYOoxqt8x/CWdcsmplSqtCmThDM7hEhy4ggbcQhPawADhEZ7g2XqwXqzXNMKMlVY4hQ1Yb580xpSw</latexit>

L

<latexit sha1_base64="l+VHkv5R++JVJ517JcQaLBu0zGw=">AAAB8XicbVDLTgJBEOzFFyIqevUykZh4IrsEUG4kXjx4gEQeCRAyOzQwYfaRmVkSQvAHvOofeDN+kD/gdzi7a4yolUy6UtWd7ik3FFxp2363MlvbO7t72f3cQf7w6Lhwku+oIJIM2ywQgey5VKHgPrY11wJ7oUTquQK77vwm9rsLlIoH/r1ehjj06NTnE86oNlLrblQo2iU7AUmJUzakajv1Wo04X1axUYEEzVHhYzAOWOShr5mgSvUdO9TDFZWaM4Hr3CBSGFI2p1PsG+pTD9VwlRy6JhdGGZNJIM3zNUnUnxMr6im19FzT6VE9U7+9WPzP60d6cj1ccT+MNPosXTSJBNEBiX9Nxlwi02JpCGWSm1sJm1FJmTbZbGyZoVigXueSYOoxqt8x/CWdcsmplSqtCmThDM7hEhy4ggbcQhPawADhEZ7g2XqwXqzXNMKMlVY4hQ1Yb580xpSw</latexit>

L

<latexit sha1_base64="xLK5oDCqzYpklHAIolMBPMpkokw=">AAACH3icbZDLSgMxGIX/8Vrrrbp1EyyCG8uMtNXuChZx4aKCVaEtJZP+Y4OZi0mmUIbxJXwNX8CtvoE7ce9zmJmKeDsQcjgn4U8+NxJcadt+tWZm5+YXFgtLxeWV1bX10sbKhQpjybDDQhHKK5cqFDzAjuZa4FUkkfquwEv35ijrL8coFQ+Dcz2JsO/T64B7nFFtokFp77iHtzEf9zxJWXKaJt7gOL3L1PpTtNJBqWxX7Fxkapx9Y2q206jXifNZlZtVyNUelN57w5DFPgaaCapU17Ej3U+o1JwJTIu9WGFE2Q29xq6xAfVR9ZP8WynZMcmQeKE0K9AkT7/fSKiv1MR3zUmf6pH63WXhf1031t5hP+FBFGsM2HSQFwuiQ5IxIkMukWkxMYYyyc1bCRtRw0Ebkj+mjFCMUafFHEwjU+0Lw19zsV9x6pXqWRUKsAXbsAsOHEATTqANHWBwD4/wBM/Wg/VivU4RzljTHTbhh6y3D+bPqKc=</latexit>

F ⌘ L

fF
D ⌘ L

fD



T. Satogata / January 2024          USPAS Accelerator Physics 31

Stability Diagrams II

§ For stability, we must have
§ Using                                 , stability limits are where

§ These translate to a FODO “necktie” stability diagram

cosµ = 1 +D � F � FD

2
sin2

µ

2
=

FD

4
+

F �D

2

�1 < cosµ < 1

cosµ = 1� 2 sin2
µ

2

sin2
µ

2
= 0 sin2

µ

2
= 1

stable

unstable

unstable

Beyond the book!
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Triplet Optics: Extra Straight Space
cell

�f
<latexit sha1_base64="ay+n6AygqfhknyIWZLwYDf63LmM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxbArgjkGvHiMYh6QLGF20psMmZ1dZmYDIQR/wKv+gTfx6rf4A36Hk2QPJrGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObI1Sax/LJjBP0I9qXPOSMGis9XoXdYsktu3OQdeJlpAQZat3iT6cXszRCaZigWrc9NzH+hCrDmcBpoZNqTCgb0j62LZU0Qu1P5pdOyYVVeiSMlS1pyFz9OzGhkdbjKLCdETUDverNxP+8dmrCij/hMkkNSrZYFKaCmJjM3iY9rpAZMbaEMsXtrYQNqKLM2HCWtgxQjNBMCzYYbzWGddK4Lntu2Xu4KVUrWUR5OINzuAQPbqEK91CDOjAI4QVe4c15dt6dD+dz0ZpzsplTWILz9QtR8JWO</latexit><latexit sha1_base64="ay+n6AygqfhknyIWZLwYDf63LmM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxbArgjkGvHiMYh6QLGF20psMmZ1dZmYDIQR/wKv+gTfx6rf4A36Hk2QPJrGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObI1Sax/LJjBP0I9qXPOSMGis9XoXdYsktu3OQdeJlpAQZat3iT6cXszRCaZigWrc9NzH+hCrDmcBpoZNqTCgb0j62LZU0Qu1P5pdOyYVVeiSMlS1pyFz9OzGhkdbjKLCdETUDverNxP+8dmrCij/hMkkNSrZYFKaCmJjM3iY9rpAZMbaEMsXtrYQNqKLM2HCWtgxQjNBMCzYYbzWGddK4Lntu2Xu4KVUrWUR5OINzuAQPbqEK91CDOjAI4QVe4c15dt6dD+dz0ZpzsplTWILz9QtR8JWO</latexit><latexit sha1_base64="ay+n6AygqfhknyIWZLwYDf63LmM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxbArgjkGvHiMYh6QLGF20psMmZ1dZmYDIQR/wKv+gTfx6rf4A36Hk2QPJrGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObI1Sax/LJjBP0I9qXPOSMGis9XoXdYsktu3OQdeJlpAQZat3iT6cXszRCaZigWrc9NzH+hCrDmcBpoZNqTCgb0j62LZU0Qu1P5pdOyYVVeiSMlS1pyFz9OzGhkdbjKLCdETUDverNxP+8dmrCij/hMkkNSrZYFKaCmJjM3iY9rpAZMbaEMsXtrYQNqKLM2HCWtgxQjNBMCzYYbzWGddK4Lntu2Xu4KVUrWUR5OINzuAQPbqEK91CDOjAI4QVe4c15dt6dD+dz0ZpzsplTWILz9QtR8JWO</latexit><latexit sha1_base64="ay+n6AygqfhknyIWZLwYDf63LmM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxbArgjkGvHiMYh6QLGF20psMmZ1dZmYDIQR/wKv+gTfx6rf4A36Hk2QPJrGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObI1Sax/LJjBP0I9qXPOSMGis9XoXdYsktu3OQdeJlpAQZat3iT6cXszRCaZigWrc9NzH+hCrDmcBpoZNqTCgb0j62LZU0Qu1P5pdOyYVVeiSMlS1pyFz9OzGhkdbjKLCdETUDverNxP+8dmrCij/hMkkNSrZYFKaCmJjM3iY9rpAZMbaEMsXtrYQNqKLM2HCWtgxQjNBMCzYYbzWGddK4Lntu2Xu4KVUrWUR5OINzuAQPbqEK91CDOjAI4QVe4c15dt6dD+dz0ZpzsplTWILz9QtR8JWO</latexit>

f
<latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit>

f
<latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit>

�f
<latexit sha1_base64="ay+n6AygqfhknyIWZLwYDf63LmM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxbArgjkGvHiMYh6QLGF20psMmZ1dZmYDIQR/wKv+gTfx6rf4A36Hk2QPJrGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObI1Sax/LJjBP0I9qXPOSMGis9XoXdYsktu3OQdeJlpAQZat3iT6cXszRCaZigWrc9NzH+hCrDmcBpoZNqTCgb0j62LZU0Qu1P5pdOyYVVeiSMlS1pyFz9OzGhkdbjKLCdETUDverNxP+8dmrCij/hMkkNSrZYFKaCmJjM3iY9rpAZMbaEMsXtrYQNqKLM2HCWtgxQjNBMCzYYbzWGddK4Lntu2Xu4KVUrWUR5OINzuAQPbqEK91CDOjAI4QVe4c15dt6dD+dz0ZpzsplTWILz9QtR8JWO</latexit><latexit sha1_base64="ay+n6AygqfhknyIWZLwYDf63LmM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxbArgjkGvHiMYh6QLGF20psMmZ1dZmYDIQR/wKv+gTfx6rf4A36Hk2QPJrGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObI1Sax/LJjBP0I9qXPOSMGis9XoXdYsktu3OQdeJlpAQZat3iT6cXszRCaZigWrc9NzH+hCrDmcBpoZNqTCgb0j62LZU0Qu1P5pdOyYVVeiSMlS1pyFz9OzGhkdbjKLCdETUDverNxP+8dmrCij/hMkkNSrZYFKaCmJjM3iY9rpAZMbaEMsXtrYQNqKLM2HCWtgxQjNBMCzYYbzWGddK4Lntu2Xu4KVUrWUR5OINzuAQPbqEK91CDOjAI4QVe4c15dt6dD+dz0ZpzsplTWILz9QtR8JWO</latexit><latexit sha1_base64="ay+n6AygqfhknyIWZLwYDf63LmM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxbArgjkGvHiMYh6QLGF20psMmZ1dZmYDIQR/wKv+gTfx6rf4A36Hk2QPJrGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObI1Sax/LJjBP0I9qXPOSMGis9XoXdYsktu3OQdeJlpAQZat3iT6cXszRCaZigWrc9NzH+hCrDmcBpoZNqTCgb0j62LZU0Qu1P5pdOyYVVeiSMlS1pyFz9OzGhkdbjKLCdETUDverNxP+8dmrCij/hMkkNSrZYFKaCmJjM3iY9rpAZMbaEMsXtrYQNqKLM2HCWtgxQjNBMCzYYbzWGddK4Lntu2Xu4KVUrWUR5OINzuAQPbqEK91CDOjAI4QVe4c15dt6dD+dz0ZpzsplTWILz9QtR8JWO</latexit><latexit sha1_base64="ay+n6AygqfhknyIWZLwYDf63LmM=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxbArgjkGvHiMYh6QLGF20psMmZ1dZmYDIQR/wKv+gTfx6rf4A36Hk2QPJrGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4N/ObI1Sax/LJjBP0I9qXPOSMGis9XoXdYsktu3OQdeJlpAQZat3iT6cXszRCaZigWrc9NzH+hCrDmcBpoZNqTCgb0j62LZU0Qu1P5pdOyYVVeiSMlS1pyFz9OzGhkdbjKLCdETUDverNxP+8dmrCij/hMkkNSrZYFKaCmJjM3iY9rpAZMbaEMsXtrYQNqKLM2HCWtgxQjNBMCzYYbzWGddK4Lntu2Xu4KVUrWUR5OINzuAQPbqEK91CDOjAI4QVe4c15dt6dD+dz0ZpzsplTWILz9QtR8JWO</latexit>

half quad! half quad!

L1
<latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit>

L2
<latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit>

L1
<latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit>

From R. Chehab et al., “The CLIC Positron Capture and Acceleration in the Injector Linac”, 2010.
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Triplet Optics: Extra Straight Space
cell

f
<latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit><latexit sha1_base64="2fpqw9YCiA9do/2DdLleG6EMNLo=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMImQLGF20psMmZ1dZnoDYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJFIYdN1vp7C1vbO7V9wvHRweHZ+UT8/aJk41hxaPZayfAmZACgUtFCjhKdHAokBCJxjfz/3OBLQRsXrEaQJ+xIZKhIIztFIz7JcrbtVdgG4SLycVkqPRL//0BjFPI1DIJTOm67kJ+hnTKLiEWamXGkgYH7MhdC1VLALjZ4tDZ/TKKgMaxtqWQrpQ/05kLDJmGgW2M2I4MuveXPzP66YY1vxMqCRFUHy5KEwlxZjOv6YDoYGjnFrCuBb2VspHTDOONpuVLSOQE8BZyQbjrcewSdo3Vc+tes3bSr2WR1QkF+SSXBOP3JE6eSAN0iKcAHkhr+TNeXbenQ/nc9lacPKZc7IC5+sX5QSVVw==</latexit>

full double strength quad!

L1
<latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit><latexit sha1_base64="PyYKU6JAjcARs/RsB5MSZ7s4ggI=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx48RDQPSJYwO+kkQ2Znl5neQFgC/oBX/QNv4tVf8Qf8DifJHkxiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMY3c785hi0EZF6wkkMfsgGSvQFZ2ilx/uu1y2W3LI7B10nXkZKJEOtW/zp9CKehKCQS2ZM23Nj9FOmUXAJ00InMRAzPmIDaFuqWAjGT+enTumFVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQacFmww3moM66RxVfbcsvdwXapWsojy5Iyck0vikRtSJXekRuqEkwF5Ia/kzXl23p0P53PRmnOymVOyBOfrF+wMleE=</latexit>

L2
<latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit><latexit sha1_base64="ThTt3dVhdrZlk25sI2m6sm/Qq2E=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hd0gmGPAiwcPEc0DkiXMTjrJkNnZZaY3EJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPdFcRSGHTdb2djc2t7Zze3l98/ODw6LpycNkyUaA51HslItwJmQAoFdRQooRVrYGEgoRmMbmd+cwzaiEg94SQGP2QDJfqCM7TS43233C0U3ZI7B10nXkaKJEOtW/jp9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+enTumlVXq0H2lbCulc/TuRstCYSRjYzpDh0Kx6M/E/r51gv+KnQsUJguKLRf1EUozo7G/aExo4yokljGthb6V8yDTjaNNZ2jIEOQac5m0w3moM66RRLnluyXu4LlYrWUQ5ck4uyBXxyA2pkjtSI3XCyYC8kFfy5jw7786H87lo3XCymTOyBOfrF+2kleI=</latexit>

From R. Chehab et al., “The CLIC Positron Capture and Acceleration in the Injector Linac”, 2010.

symmetric beta
antisymmetric alpha

�f/2
<latexit sha1_base64="pC9zlUbxnui4h3NTo6v029Mfbi8=">AAAB/3icbVDLSsNAFJ34rPVVdelmsAhurEkR7LLgxmUF+4A2lMn0ph06mYSZm0IJXfgDbvUP3IlbP8Uf8DtM2ixs64ELh3Pu5d57vEgKg7b9bW1sbm3v7Bb2ivsHh0fHpZPTlgljzaHJQxnqjscMSKGgiQIldCINLPAktL3xfea3J6CNCNUTTiNwAzZUwhecYSZd+zfVfqlsV+w56DpxclImORr90k9vEPI4AIVcMmO6jh2hmzCNgkuYFXuxgYjxMRtCN6WKBWDcZH7rjF6myoD6oU5LIZ2rfycSFhgzDby0M2A4MqteJv7ndWP0a24iVBQjKL5Y5MeSYkizx+lAaOAopylhXIv0VspHTDOOaTxLW0YgJ4CzYhqMsxrDOmlVK45dcR5vy/VaHlGBnJMLckUcckfq5IE0SJNwMiIv5JW8Wc/Wu/VhfS5aN6x85owswfr6BTfilgM=</latexit><latexit sha1_base64="pC9zlUbxnui4h3NTo6v029Mfbi8=">AAAB/3icbVDLSsNAFJ34rPVVdelmsAhurEkR7LLgxmUF+4A2lMn0ph06mYSZm0IJXfgDbvUP3IlbP8Uf8DtM2ixs64ELh3Pu5d57vEgKg7b9bW1sbm3v7Bb2ivsHh0fHpZPTlgljzaHJQxnqjscMSKGgiQIldCINLPAktL3xfea3J6CNCNUTTiNwAzZUwhecYSZd+zfVfqlsV+w56DpxclImORr90k9vEPI4AIVcMmO6jh2hmzCNgkuYFXuxgYjxMRtCN6WKBWDcZH7rjF6myoD6oU5LIZ2rfycSFhgzDby0M2A4MqteJv7ndWP0a24iVBQjKL5Y5MeSYkizx+lAaOAopylhXIv0VspHTDOOaTxLW0YgJ4CzYhqMsxrDOmlVK45dcR5vy/VaHlGBnJMLckUcckfq5IE0SJNwMiIv5JW8Wc/Wu/VhfS5aN6x85owswfr6BTfilgM=</latexit><latexit sha1_base64="pC9zlUbxnui4h3NTo6v029Mfbi8=">AAAB/3icbVDLSsNAFJ34rPVVdelmsAhurEkR7LLgxmUF+4A2lMn0ph06mYSZm0IJXfgDbvUP3IlbP8Uf8DtM2ixs64ELh3Pu5d57vEgKg7b9bW1sbm3v7Bb2ivsHh0fHpZPTlgljzaHJQxnqjscMSKGgiQIldCINLPAktL3xfea3J6CNCNUTTiNwAzZUwhecYSZd+zfVfqlsV+w56DpxclImORr90k9vEPI4AIVcMmO6jh2hmzCNgkuYFXuxgYjxMRtCN6WKBWDcZH7rjF6myoD6oU5LIZ2rfycSFhgzDby0M2A4MqteJv7ndWP0a24iVBQjKL5Y5MeSYkizx+lAaOAopylhXIv0VspHTDOOaTxLW0YgJ4CzYhqMsxrDOmlVK45dcR5vy/VaHlGBnJMLckUcckfq5IE0SJNwMiIv5JW8Wc/Wu/VhfS5aN6x85owswfr6BTfilgM=</latexit><latexit sha1_base64="pC9zlUbxnui4h3NTo6v029Mfbi8=">AAAB/3icbVDLSsNAFJ34rPVVdelmsAhurEkR7LLgxmUF+4A2lMn0ph06mYSZm0IJXfgDbvUP3IlbP8Uf8DtM2ixs64ELh3Pu5d57vEgKg7b9bW1sbm3v7Bb2ivsHh0fHpZPTlgljzaHJQxnqjscMSKGgiQIldCINLPAktL3xfea3J6CNCNUTTiNwAzZUwhecYSZd+zfVfqlsV+w56DpxclImORr90k9vEPI4AIVcMmO6jh2hmzCNgkuYFXuxgYjxMRtCN6WKBWDcZH7rjF6myoD6oU5LIZ2rfycSFhgzDby0M2A4MqteJv7ndWP0a24iVBQjKL5Y5MeSYkizx+lAaOAopylhXIv0VspHTDOOaTxLW0YgJ4CzYhqMsxrDOmlVK45dcR5vy/VaHlGBnJMLckUcckfq5IE0SJNwMiIv5JW8Wc/Wu/VhfS5aN6x85owswfr6BTfilgM=</latexit>

f
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long drift

More on
Friday
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Warning: Professoral Egoistic Indulgence
§ Differential Equations 

Ahead

§ The following is 
extraneous to the 
course and text...

§ ... but it illuminates a 
connection between 
2nd order linear 
differential equations 
and matrices that 
your lecturer finds 
beautiful so you will 
hear about it (if we have 
time)
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More Math: Hill’s Equation

§ Let’s go back to our quadrupole equations of motion for

What happens when we let the focusing K vary with s?
Also assume K is periodic in s with some periodicity C

This periodicity can be one revolution around the
accelerator or as small as one repeated “cell”
of the layout

The simple harmonic oscillator equation with a
periodically varying spring constant K(s) is
known as Hill’s Equation

R ! 1
x00 +Kx = 0 y00 �Ky = 0 K ⌘ 1

(B�)

✓
⇥By

⇥x

◆
[K] = [length]�2

K(s+ C) = K(s)

Weak focusing

bending magnets

Drifts

“Cell”

x00 +K(s)x = 0 K(s) ⌘ 1

(B�)

✓
⇥By

⇥x

◆
(s)
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Hill’s Equation Solution Ansatz

§ Solution is a quasi-periodic harmonic oscillator

where w(s) is periodic in C but the phase Y(s) is not!!
Substitute this educated guess (“ansatz”) to find

For          and         to be independent of      , coefficients 
of the sin and cos terms must vanish identically  

x00 +K(s)x = 0 K ⌘ 1

(B�)

✓
⇥By

⇥x

◆
(s)

w(s)

x(s) = Aw(s) cos[�(s) +�0]

x0 = Aw0 cos[�+�0]�Aw�0 sin[�+�0]

x00 = A(w00 � w�02) cos[�+�0]�A(2w0�0 + w�00) sin[�+�0]

x00 +K(s)x = �A(2w0�0 + w�00) sin(�+�0) +A(w00 � w�02 +Kw) cos(�+�0) = 0

�(s)  0
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Courant-Snyder Parameters

§ Notice that in both equations               so we can 
scale this out and define a new set of functions, 
Courant-Snyder Parameters or Twiss Parameters

w00 � (k2/w3) +Kw = 0 ) w3(w00 +Kw) = k2

w2 / k

�(s) ⌘ w2(s)

k

�(s) ⌘ �1

2
⇥0(s)

⇤(s) ⌘ 1 + �(s)2

⇥(s)

)
K⇥ = ⇤ + �0

⇥(s),�(s), ⇤(s) are all periodic in C

2ww0�0 + w2�00 = (w2�0)0 = 0 ) �0 =
k

w(s)2

�0 =
1

�(s)
�(s) =

Z
ds

�(s)

�(s) is not periodic in C
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Towards The Matrix Solution

§ What is the matrix for this Hill’s Equation solution?

Take a derivative with respect to s to get x0 ⌘ dx

ds

Now we can solve for A and B in terms of initial conditions (x(0), x0(0))

x0 ⌘ x(0) = A
p

�(0)

A =
x0p
⇥(0)

B =
1p
⇥(0)

[⇥(0)x0
0 + �(0)x0]

x0
0 ⌘ x0(0) =

1p
⇥(0)

[B � �(0)A]

And take advantage of the periodicity of        to find⇥,� x(C), x0(C)

x(s) = A
p

�(s) cos�(s) +B
p

�(s) sin�(s)

�0 =
1

⇥(s)
x0(s) =

1p
⇥(s)

{[B � �(s)A] cos�(s)� [A+ �(s)B] sin�(s)}
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Hill’s Equation Matrix Solution

A =
x0p
⇥(0)

B =
1p
⇥(0)

[⇥(0)x0
0 + �(0)x0]

We can write this down in a matrix form where                         
    is the betatron phase advance through one period C 

x(s) = A
p

�(s) cos�(s) +B
p

�(s) sin�(s)

�0 =
1

⇥(s)
x0(s) =

1p
⇥(s)

{[B � �(s)A] cos�(s)� [A+ �(s)B] sin�(s)}

µ = �(C)��(0)

x(C) = [cos�(C) + �(0) sin�(C)]x0 + ⇥(0) sin�(C)x0
0

x0(C) = �⇥(0) sin�(C)x0 + [cos�(C)� �(0) sin�(C)]x0
0

✓
x
x0

◆

s0+C

=

✓
cosµ+ �(0) sinµ ⇥(0) sinµ

�⇤(0) sinµ cosµ� �(0) sinµ

◆✓
x
x0

◆

s0

µ =

Z s0+C

s0

ds

�(s)
phase advance per cell


