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USPAS Accelerator Physics 2024
Hampton VA / Northern Illinois University

16: Routes to Chaos
(perhaps yet another self-referential lecture)

Todd Satogata (Jefferson Lab and ODU) / satogata@jlab.org
Steve Peggs (BNL) / peggs@bnl.gov

Medani Sangroula (BNL) / msangroul@bnl.gov and Alex Coxe / alexcoxe@jlab.org
http://www.toddsatogata.net/2024-USPAS

Happy birthday to Emilio Segre (1959 Nobel), Fritjof Capra, and Harry Styles!
Happy National Baked Alaska Day, National Freedom Day, and Car Insurance Day!
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Review: 1D Beam-Beam

Regular non-resonant

Regular resonant Stochastic chaos

Rapidly divergent (multipoles)

Scaled betatron amplitude x/σ

Fo
cu

si
ng

 k
ic

k 
Δx

’

0 6

c.f. diverging
multipole

Very
nonlinear

D. Hofstadter: “... an eerie type of 
chaos ... just behind a facade of 
order – and yet, deep inside the 
chaos lurks an even eerier type of 
order.”
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Review: 1D Beam-Beam

§ 1D beam-beam dynamics are surprisingly tractable
§ Can predict where isolated resonances are located

• Steve’s lecture and lab 2
§ Can predict other isolated resonance properties

• N-turn Hamiltonians give “island tunes”, resonance widths

Tu
ne

Q0+ξ

n/6

Q0

Scaled betatron amplitude x/σ0 6

Isolated resonance

Can we predict the onset
of chaos, even roughly?

Fig. 15.7

Fig. 15.4
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16.1: Resonance overlap

§ We have evaluated isolated resonances using the n-turn 
action-angle Kobayashi Hamiltonian where Q0 �

p

n
⌧ 1
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Fig 16.1: Resonance Overlap

§

Even-order beam-beam resonances

Fig.
 16

.1
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Higher Order “Isolated” Resonances

§

http://toddsatogata.net/2024-USPAS/homework/BeamBeam2.html 

http://toddsatogata.net/2024-USPAS/homework/BeamBeam2.html
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Whoa, Wait a sec: ξ=0.2 could be stable?

§

Even-order beam-beam resonances
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Tune Diagram and Beam-Beam Tune Spread 

§

ξ=0.2
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(Some) EIC Parameters
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EIC Max Beam-Beam Parameters

§ Proton beam-beam: ξ=0.014
§ Comparable to Tevatron p/pbar experience (ξ=0.012)

§ Electron beam-beam: ξ=0.1
§ Comparable to SuperKEK e- experience (e+ up to ξ=0.12)

§ Both are aggressive for an aggressive collider
§ HERA achieved (0.019,0.045) e-, (0.0012,0.0009) p

Useful updated exhaustive table of collider parameters (2022):
https://pdg.lbl.gov/2022/reviews/rpp2022-rev-hep-collider-params.pdf 

https://pdg.lbl.gov/2022/reviews/rpp2022-rev-hep-collider-params.pdf
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Fig 16.1: Resonance Overlap

§

Even-order beam-beam resonances

Fig.
 16

.1
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16.1: Resonance overlap

§ We evaluated isolated resonances using the n-turn action-
angle Kobayashi Hamiltonian where

§ Convenient way to write equations of motion (tracking)
§ Conserved quantity: phase space “KAM tori”

§ Here we had assumed that all other resonances either
§ have small Vn (so their widths are small enough to ignore) or 
§ their Hamiltonian terms phase average to near zero over 

many iterations of this map (over many turns)

Q0 �
p

n
⌧ 1
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U’’(J): detuning Vn(J): resonance drivingSmall-amplitude
frequency

https://en.wikipedia.org/wiki/Kolmogorov%E2%80%93Arnold%E2%80%93Moser_theorem
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16.1: Resonance overlap: Chirikov

§ What happens when this assumption breaks down?
§ Resonances approach the point of overlapping
§ Separatrices are the first to interact

• But separatrices have infinite period and therefore are infinitely 
vulnerable to perturbation

§ Chirikov hypothesized that chaos emerges when nearby 
resonance widths are large enough that they overlap
§ This is calculable and verifiable
§ “A Universal Instability of Many-Dimensional Oscillator 

Systems” – Physics Reports 52 5, May 1979, pp. 263-379.
§ 5000+ citations: a “famous” paper and surprisingly readable

http://lptms.u-psud.fr/nicolas_pavloff/files/2010/03/chirikov1.pdf
http://lptms.u-psud.fr/nicolas_pavloff/files/2010/03/chirikov1.pdf
https://www.nature.com/news/the-top-100-papers-1.16224
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16.1: Chirikov Overlap and the Standard Map

“Isolated”
resonances

Chaotic
resonance
overlap:
separatrix
becomes
chaotic

RF motion
with large Qs!

Difference
map
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16.2: 6D Motion and Tune Modulation

§ We have been (understandably) rather naive
§ This is a perfect 1D uncoupled nonlinear model

§ Reality (aside from noise)
§ Dispersion couples longitudinal and transverse motion

• Almost always have to bend the beam somewhere
• Off-center motion in quadrupoles also gives dipole “feed-down”

§ Coupling couples transverse motion
• Quadrupoles have random rotations relative to design plane

§ Sextupoles are necessary (mostly)

• Chromaticity correction in large accelerators

§ Any coupling adds different frequencies to our system
§ Tune modulation, e.g. Q0 = Q00 + q sin(2⇡Qst)
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�x0 =
B0L

(B⇢)
x

<latexit sha1_base64="Yzi/4QkWveH0ZZ5zcmKYCiWn5ug=">AAACHXicbZBLSgNBEIZ74ivGV9Slm8Yg6ibMiGA2QoguXLiIYKKQCaGnU5M06XnQXSOGYbZewwu41Ru4E7fiBTyHncfCqD80/PxVRVV/XiyFRtv+tHJz8wuLS/nlwsrq2vpGcXOrqaNEcWjwSEbq1mMapAihgQIl3MYKWOBJuPEGZ6P6zR0oLaLwGocxtAPWC4UvOEMTdYrUPQeJjN7v01Pq+orxtLZ/maUHNVf1o8PsvlMs2WV7LPrXOFNTIlPVO8UvtxvxJIAQuWRatxw7xnbKFAouISu4iYaY8QHrQcvYkAWg2+n4JxndM0mX+pEyL0Q6Tn9OpCzQehh4pjNg2Ne/a6Pwv1orQb/STkUYJwghnyzyE0kxoiMstCsUcJRDYxhXwtxKeZ8ZHGjgzWzpg7wDzAoGjPMbw1/TPCo7dtm5Oi5VK1NEebJDdskBccgJqZILUicNwskDeSLP5MV6tF6tN+t90pqzpjPbZEbWxzcZIKEn</latexit><latexit sha1_base64="Yzi/4QkWveH0ZZ5zcmKYCiWn5ug=">AAACHXicbZBLSgNBEIZ74ivGV9Slm8Yg6ibMiGA2QoguXLiIYKKQCaGnU5M06XnQXSOGYbZewwu41Ru4E7fiBTyHncfCqD80/PxVRVV/XiyFRtv+tHJz8wuLS/nlwsrq2vpGcXOrqaNEcWjwSEbq1mMapAihgQIl3MYKWOBJuPEGZ6P6zR0oLaLwGocxtAPWC4UvOEMTdYrUPQeJjN7v01Pq+orxtLZ/maUHNVf1o8PsvlMs2WV7LPrXOFNTIlPVO8UvtxvxJIAQuWRatxw7xnbKFAouISu4iYaY8QHrQcvYkAWg2+n4JxndM0mX+pEyL0Q6Tn9OpCzQehh4pjNg2Ne/a6Pwv1orQb/STkUYJwghnyzyE0kxoiMstCsUcJRDYxhXwtxKeZ8ZHGjgzWzpg7wDzAoGjPMbw1/TPCo7dtm5Oi5VK1NEebJDdskBccgJqZILUicNwskDeSLP5MV6tF6tN+t90pqzpjPbZEbWxzcZIKEn</latexit><latexit sha1_base64="Yzi/4QkWveH0ZZ5zcmKYCiWn5ug=">AAACHXicbZBLSgNBEIZ74ivGV9Slm8Yg6ibMiGA2QoguXLiIYKKQCaGnU5M06XnQXSOGYbZewwu41Ru4E7fiBTyHncfCqD80/PxVRVV/XiyFRtv+tHJz8wuLS/nlwsrq2vpGcXOrqaNEcWjwSEbq1mMapAihgQIl3MYKWOBJuPEGZ6P6zR0oLaLwGocxtAPWC4UvOEMTdYrUPQeJjN7v01Pq+orxtLZ/maUHNVf1o8PsvlMs2WV7LPrXOFNTIlPVO8UvtxvxJIAQuWRatxw7xnbKFAouISu4iYaY8QHrQcvYkAWg2+n4JxndM0mX+pEyL0Q6Tn9OpCzQehh4pjNg2Ne/a6Pwv1orQb/STkUYJwghnyzyE0kxoiMstCsUcJRDYxhXwtxKeZ8ZHGjgzWzpg7wDzAoGjPMbw1/TPCo7dtm5Oi5VK1NEebJDdskBccgJqZILUicNwskDeSLP5MV6tF6tN+t90pqzpjPbZEbWxzcZIKEn</latexit><latexit sha1_base64="Yzi/4QkWveH0ZZ5zcmKYCiWn5ug=">AAACHXicbZBLSgNBEIZ74ivGV9Slm8Yg6ibMiGA2QoguXLiIYKKQCaGnU5M06XnQXSOGYbZewwu41Ru4E7fiBTyHncfCqD80/PxVRVV/XiyFRtv+tHJz8wuLS/nlwsrq2vpGcXOrqaNEcWjwSEbq1mMapAihgQIl3MYKWOBJuPEGZ6P6zR0oLaLwGocxtAPWC4UvOEMTdYrUPQeJjN7v01Pq+orxtLZ/maUHNVf1o8PsvlMs2WV7LPrXOFNTIlPVO8UvtxvxJIAQuWRatxw7xnbKFAouISu4iYaY8QHrQcvYkAWg2+n4JxndM0mX+pEyL0Q6Tn9OpCzQehh4pjNg2Ne/a6Pwv1orQb/STkUYJwghnyzyE0kxoiMstCsUcJRDYxhXwtxKeZ8ZHGjgzWzpg7wDzAoGjPMbw1/TPCo7dtm5Oi5VK1NEebJDdskBccgJqZILUicNwskDeSLP5MV6tF6tN+t90pqzpjPbZEbWxzcZIKEn</latexit>
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16.2: Tune modulation

§ The isolated resonance Kobayashi Hamiltonian was

§ Modulation of the tune looks like a time-dependent driving 
term
§ Poincare and periodicity asides, large-N-turn maps

§ To first order, the phase modulation also appears in the 
resonance driving term!
§ Phase-modulated pendulum: Mathieu equation
§ Todd’s dissertation: http://www.toddsatogata.net/Thesis/
§ Sidebands and sideband overlap leading to chaotic motion

Q0 = Q00 + q sin(2⇡Qst)
<latexit sha1_base64="Zt5hcZzR5DcUbQ0uDf5ZX5U/q0Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIcwGwSAIAS8eDRgNZMMyO+mYwdnZdaY3EJbc/Q1/wKv+gTfx6g/4HU5iDmosaCiquunuilIlLTL24c3NLywuLRdWiqtr6xubpa3ta5tkRkBTJCoxrYhbUFJDEyUqaKUGeBwpuInuzsf+zQCMlYm+wmEKnZjfatmTgqOTwtJeI2T0jDbCnLERPaL3wWlgpT6oBql0qqV4GJbKrMImoLPEn5IymeIyLH0G3URkMWgUilvb9lmKnZwblELBqBhkFlIu7vgttB3VPAbbySe/jOi+U7q0lxhXGulE/TmR89jaYRy5zphj3/71xuJ/XjvDXq2TS51mCFp8L+plimJCx8HQrjQgUA0d4cJIdysVfW64QBffry19UAPAUdEF4/+NYZZcVys+q/iN43K9No2oQHbJHjkgPjkhdXJBLkmTCPJAnsgzefEevVfvzXv/bp3zpjM75Be8jy8qyqB4</latexit><latexit sha1_base64="Zt5hcZzR5DcUbQ0uDf5ZX5U/q0Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIcwGwSAIAS8eDRgNZMMyO+mYwdnZdaY3EJbc/Q1/wKv+gTfx6g/4HU5iDmosaCiquunuilIlLTL24c3NLywuLRdWiqtr6xubpa3ta5tkRkBTJCoxrYhbUFJDEyUqaKUGeBwpuInuzsf+zQCMlYm+wmEKnZjfatmTgqOTwtJeI2T0jDbCnLERPaL3wWlgpT6oBql0qqV4GJbKrMImoLPEn5IymeIyLH0G3URkMWgUilvb9lmKnZwblELBqBhkFlIu7vgttB3VPAbbySe/jOi+U7q0lxhXGulE/TmR89jaYRy5zphj3/71xuJ/XjvDXq2TS51mCFp8L+plimJCx8HQrjQgUA0d4cJIdysVfW64QBffry19UAPAUdEF4/+NYZZcVys+q/iN43K9No2oQHbJHjkgPjkhdXJBLkmTCPJAnsgzefEevVfvzXv/bp3zpjM75Be8jy8qyqB4</latexit><latexit sha1_base64="Zt5hcZzR5DcUbQ0uDf5ZX5U/q0Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIcwGwSAIAS8eDRgNZMMyO+mYwdnZdaY3EJbc/Q1/wKv+gTfx6g/4HU5iDmosaCiquunuilIlLTL24c3NLywuLRdWiqtr6xubpa3ta5tkRkBTJCoxrYhbUFJDEyUqaKUGeBwpuInuzsf+zQCMlYm+wmEKnZjfatmTgqOTwtJeI2T0jDbCnLERPaL3wWlgpT6oBql0qqV4GJbKrMImoLPEn5IymeIyLH0G3URkMWgUilvb9lmKnZwblELBqBhkFlIu7vgttB3VPAbbySe/jOi+U7q0lxhXGulE/TmR89jaYRy5zphj3/71xuJ/XjvDXq2TS51mCFp8L+plimJCx8HQrjQgUA0d4cJIdysVfW64QBffry19UAPAUdEF4/+NYZZcVys+q/iN43K9No2oQHbJHjkgPjkhdXJBLkmTCPJAnsgzefEevVfvzXv/bp3zpjM75Be8jy8qyqB4</latexit><latexit sha1_base64="Zt5hcZzR5DcUbQ0uDf5ZX5U/q0Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIcwGwSAIAS8eDRgNZMMyO+mYwdnZdaY3EJbc/Q1/wKv+gTfx6g/4HU5iDmosaCiquunuilIlLTL24c3NLywuLRdWiqtr6xubpa3ta5tkRkBTJCoxrYhbUFJDEyUqaKUGeBwpuInuzsf+zQCMlYm+wmEKnZjfatmTgqOTwtJeI2T0jDbCnLERPaL3wWlgpT6oBql0qqV4GJbKrMImoLPEn5IymeIyLH0G3URkMWgUilvb9lmKnZwblELBqBhkFlIu7vgttB3VPAbbySe/jOi+U7q0lxhXGulE/TmR89jaYRy5zphj3/71xuJ/XjvDXq2TS51mCFp8L+plimJCx8HQrjQgUA0d4cJIdysVfW64QBffry19UAPAUdEF4/+NYZZcVys+q/iN43K9No2oQHbJHjkgPjkhdXJBLkmTCPJAnsgzefEevVfvzXv/bp3zpjM75Be8jy8qyqB4</latexit>

http://www.toddsatogata.net/Thesis/
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Beam-beam tune modulation diagram

q = 0.001   Qs=0.00515Q0 = Q00 + q sin(2⇡Qst)
<latexit sha1_base64="Zt5hcZzR5DcUbQ0uDf5ZX5U/q0Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIcwGwSAIAS8eDRgNZMMyO+mYwdnZdaY3EJbc/Q1/wKv+gTfx6g/4HU5iDmosaCiquunuilIlLTL24c3NLywuLRdWiqtr6xubpa3ta5tkRkBTJCoxrYhbUFJDEyUqaKUGeBwpuInuzsf+zQCMlYm+wmEKnZjfatmTgqOTwtJeI2T0jDbCnLERPaL3wWlgpT6oBql0qqV4GJbKrMImoLPEn5IymeIyLH0G3URkMWgUilvb9lmKnZwblELBqBhkFlIu7vgttB3VPAbbySe/jOi+U7q0lxhXGulE/TmR89jaYRy5zphj3/71xuJ/XjvDXq2TS51mCFp8L+plimJCx8HQrjQgUA0d4cJIdysVfW64QBffry19UAPAUdEF4/+NYZZcVys+q/iN43K9No2oQHbJHjkgPjkhdXJBLkmTCPJAnsgzefEevVfvzXv/bp3zpjM75Be8jy8qyqB4</latexit><latexit sha1_base64="Zt5hcZzR5DcUbQ0uDf5ZX5U/q0Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIcwGwSAIAS8eDRgNZMMyO+mYwdnZdaY3EJbc/Q1/wKv+gTfx6g/4HU5iDmosaCiquunuilIlLTL24c3NLywuLRdWiqtr6xubpa3ta5tkRkBTJCoxrYhbUFJDEyUqaKUGeBwpuInuzsf+zQCMlYm+wmEKnZjfatmTgqOTwtJeI2T0jDbCnLERPaL3wWlgpT6oBql0qqV4GJbKrMImoLPEn5IymeIyLH0G3URkMWgUilvb9lmKnZwblELBqBhkFlIu7vgttB3VPAbbySe/jOi+U7q0lxhXGulE/TmR89jaYRy5zphj3/71xuJ/XjvDXq2TS51mCFp8L+plimJCx8HQrjQgUA0d4cJIdysVfW64QBffry19UAPAUdEF4/+NYZZcVys+q/iN43K9No2oQHbJHjkgPjkhdXJBLkmTCPJAnsgzefEevVfvzXv/bp3zpjM75Be8jy8qyqB4</latexit><latexit sha1_base64="Zt5hcZzR5DcUbQ0uDf5ZX5U/q0Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIcwGwSAIAS8eDRgNZMMyO+mYwdnZdaY3EJbc/Q1/wKv+gTfx6g/4HU5iDmosaCiquunuilIlLTL24c3NLywuLRdWiqtr6xubpa3ta5tkRkBTJCoxrYhbUFJDEyUqaKUGeBwpuInuzsf+zQCMlYm+wmEKnZjfatmTgqOTwtJeI2T0jDbCnLERPaL3wWlgpT6oBql0qqV4GJbKrMImoLPEn5IymeIyLH0G3URkMWgUilvb9lmKnZwblELBqBhkFlIu7vgttB3VPAbbySe/jOi+U7q0lxhXGulE/TmR89jaYRy5zphj3/71xuJ/XjvDXq2TS51mCFp8L+plimJCx8HQrjQgUA0d4cJIdysVfW64QBffry19UAPAUdEF4/+NYZZcVys+q/iN43K9No2oQHbJHjkgPjkhdXJBLkmTCPJAnsgzefEevVfvzXv/bp3zpjM75Be8jy8qyqB4</latexit><latexit sha1_base64="Zt5hcZzR5DcUbQ0uDf5ZX5U/q0Q=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAUIcwGwSAIAS8eDRgNZMMyO+mYwdnZdaY3EJbc/Q1/wKv+gTfx6g/4HU5iDmosaCiquunuilIlLTL24c3NLywuLRdWiqtr6xubpa3ta5tkRkBTJCoxrYhbUFJDEyUqaKUGeBwpuInuzsf+zQCMlYm+wmEKnZjfatmTgqOTwtJeI2T0jDbCnLERPaL3wWlgpT6oBql0qqV4GJbKrMImoLPEn5IymeIyLH0G3URkMWgUilvb9lmKnZwblELBqBhkFlIu7vgttB3VPAbbySe/jOi+U7q0lxhXGulE/TmR89jaYRy5zphj3/71xuJ/XjvDXq2TS51mCFp8L+plimJCx8HQrjQgUA0d4cJIdysVfW64QBffry19UAPAUdEF4/+NYZZcVys+q/iN43K9No2oQHbJHjkgPjkhdXJBLkmTCPJAnsgzefEevVfvzXv/bp3zpjM75Be8jy8qyqB4</latexit>
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Tune Modulation Frequency Scale

§ Remember, tune modulation is really “just” modulating a 
pendulum
§ We know kicking around a pendulum near its natural 

frequency produces excitement
§ What is the natural frequency of resonant motion?
§ Remember these are topologically equivalent to pendula
§ “Island” tune: QI<<Q00

QI
<latexit sha1_base64="OeeREU0HxXbRNJv1k0MF+8JWPHw=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzDHgRW8JmgckS5iddJIhs7PLzGwgLAF/wKv+gTfx6q/4A36Hk2QPJrGgoajqprsriAXXxnW/nY3Nre2d3dxefv/g8Oi4cHLa0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HobuY3x6g0j+STmcToh3QgeZ8zaqz0WOs+dAtFt+TOQdaJl5EiZKh2Cz+dXsSSEKVhgmrd9tzY+ClVhjOB03wn0RhTNqIDbFsqaYjaT+enTsmlVXqkHylb0pC5+ncipaHWkzCwnSE1Q73qzcT/vHZi+mU/5TJODEq2WNRPBDERmf1NelwhM2JiCWWK21sJG1JFmbHpLG0ZohijmeZtMN5qDOukcV3y3JJXuylWyllEOTiHC7gCD26hAvdQhTowGMALvMKb8+y8Ox/O56J1w8lmzmAJztcvGl2V/g==</latexit><latexit sha1_base64="OeeREU0HxXbRNJv1k0MF+8JWPHw=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzDHgRW8JmgckS5iddJIhs7PLzGwgLAF/wKv+gTfx6q/4A36Hk2QPJrGgoajqprsriAXXxnW/nY3Nre2d3dxefv/g8Oi4cHLa0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HobuY3x6g0j+STmcToh3QgeZ8zaqz0WOs+dAtFt+TOQdaJl5EiZKh2Cz+dXsSSEKVhgmrd9tzY+ClVhjOB03wn0RhTNqIDbFsqaYjaT+enTsmlVXqkHylb0pC5+ncipaHWkzCwnSE1Q73qzcT/vHZi+mU/5TJODEq2WNRPBDERmf1NelwhM2JiCWWK21sJG1JFmbHpLG0ZohijmeZtMN5qDOukcV3y3JJXuylWyllEOTiHC7gCD26hAvdQhTowGMALvMKb8+y8Ox/O56J1w8lmzmAJztcvGl2V/g==</latexit><latexit sha1_base64="OeeREU0HxXbRNJv1k0MF+8JWPHw=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzDHgRW8JmgckS5iddJIhs7PLzGwgLAF/wKv+gTfx6q/4A36Hk2QPJrGgoajqprsriAXXxnW/nY3Nre2d3dxefv/g8Oi4cHLa0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HobuY3x6g0j+STmcToh3QgeZ8zaqz0WOs+dAtFt+TOQdaJl5EiZKh2Cz+dXsSSEKVhgmrd9tzY+ClVhjOB03wn0RhTNqIDbFsqaYjaT+enTsmlVXqkHylb0pC5+ncipaHWkzCwnSE1Q73qzcT/vHZi+mU/5TJODEq2WNRPBDERmf1NelwhM2JiCWWK21sJG1JFmbHpLG0ZohijmeZtMN5qDOukcV3y3JJXuylWyllEOTiHC7gCD26hAvdQhTowGMALvMKb8+y8Ox/O56J1w8lmzmAJztcvGl2V/g==</latexit><latexit sha1_base64="OeeREU0HxXbRNJv1k0MF+8JWPHw=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzDHgRW8JmgckS5iddJIhs7PLzGwgLAF/wKv+gTfx6q/4A36Hk2QPJrGgoajqprsriAXXxnW/nY3Nre2d3dxefv/g8Oi4cHLa0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HobuY3x6g0j+STmcToh3QgeZ8zaqz0WOs+dAtFt+TOQdaJl5EiZKh2Cz+dXsSSEKVhgmrd9tzY+ClVhjOB03wn0RhTNqIDbFsqaYjaT+enTsmlVXqkHylb0pC5+ncipaHWkzCwnSE1Q73qzcT/vHZi+mU/5TJODEq2WNRPBDERmf1NelwhM2JiCWWK21sJG1JFmbHpLG0ZohijmeZtMN5qDOukcV3y3JJXuylWyllEOTiHC7gCD26hAvdQhTowGMALvMKb8+y8Ox/O56J1w8lmzmAJztcvGl2V/g==</latexit>
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Slow Tune Modulation: Amplitude Modulation

§ If modulation frequency is much lower than island tune

§ then the modulation really looks like a slow variation of Q0
§ Nearly adiabatic with respect to the resonance “island” motion
§ Amplitudes of resonances “breathe” up and down
§ Island widths also vary because their amplitudes are changing

§ Conversely, modulation frequency >> island tune...

Q0 = Q00 + q sin(2⇡Qst)
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Tune Modulation Diagram

Tune modulation normalized frequency, QM/QI
<latexit sha1_base64="2i9LmAM7KrJ1pOf8CUzT/D2KblE="></latexit><latexit sha1_base64="2i9LmAM7KrJ1pOf8CUzT/D2KblE="></latexit><latexit sha1_base64="2i9LmAM7KrJ1pOf8CUzT/D2KblE="></latexit><latexit sha1_base64="2i9LmAM7KrJ1pOf8CUzT/D2KblE="></latexit>
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Fun Phase Space Movies: Phase Modulation
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Fun Phase Space Movies: Above Resonance
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Fun Phase Space Movies: Below Resonance
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E778 Persistant Signal
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Arnold Diffusion and Integrability

§ This is still just 1.5 
dimensions!!
§ One dimension plus time

§ In more dimensions, particles 
can move along resonance 
lines and diffuse in tune space

§ A mechanism for long-term 
amplitude growth in tracking 
and perhaps even reality

§ Visualization makes my brain 
hurt

§ Integrability class next door
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Lichtenberg and Lieberman, Jose and Saletan


