
CHAPTER 7MODULATIONAL DIFFUSIONIn this chapter a summary of the requirements for modulational (thick-layer)di�usion to exist in a particle synchrotron is presented and applied to a simpletune-modulated collider model of the Fermilab Tevatron where the only nonlin-earities present are two beam-beam kicks. This is presented as an example ofhow nonlinearities combined with tune modulation can cause individual particleamplitude growth, leading to emittance growth and possible lifetime limitationsin a storage ring.Modulational di�usion has been the subject of many investigations in the pastten years, since it provides a particle loss mechanism in many-dimensional dy-namical systems such as particle accelerators over timescales that are longer thanthose from pure resonant loss (typically hundreds of turns), but shorter than thetimescales of Arnol'd (or thin-layer) di�usion (typically hundreds of millions ofturns). Most of the salient features and quantitative analysis can be found in as-sorted publications (Chirikov et. al. 1985, Vivaldi 1984, Lichtenberg and Lieber-man 1983); in x 7.1 the requirements for modulational di�usion to exist in asynchrotron are outlined, and the qualitative characteristics of amplitude growthcreated by this di�usion are described. The simulation lattice, a mockup of theFermilab Tevatron collider lattice, and the beam-beam force are described in x 7.2.The results of Evol simulation of such a circumstance in an area of phase spacewhere modulational di�usion is expected are described in x 7.3, which shows thatamplitude growth in this circumstance is exponential instead of root-time as clas-sically predicted by di�usion theory. These results and possible future directionsare summarized in x 7.4. 113



1147.1 CHARACTERISTICS OF MODULATIONAL DIFFUSIONConsider the one-dimensional tune modulation parameter plane of Figure (4.1).For appropriate tune modulation parameters falling within the \Chaos" region,sets of sidebands are created and overlap with the primary resonance and create aband of chaotic motion. Particles located at amplitudes within this chaotic bandhave phases that oscillate highly irregularly; in modulational di�usion models thischaos serves as a noise source for regular motion in the other transverse plane,coupled to this phase through a weak nonlinear coupling resonance.Here we assume that there is horizontal tune modulation creating a localizedchaotic region in the horizontal phase space and examine what would nominallybe regular motion in the vertical dimension, inuenced by one or more of these\weak" coupling resonances. (For these purposes such resonances are considered tobe \weak" if their amplitudes are much smaller than that of the primary resonancein the horizontal plane driving the horizontal stochasticity.) The motion in thevertical plane is now that of a very weakly driven oscillator, where the drivingforce is now chaotic due to its weak coupling to the horizontal stochastic motion.Such motion is similar to that of a random walk problem; the stochastically drivenvertical motion can \di�use" out to large amplitudes in �nite time.Chirikov, Lieberman, Vivaldi and Shepelyanski (1985) write the Hamiltonianfor the standard modulational di�usion model asH1(�x; Ix; �y; Iy) =12I2x � � cos[(k + 1)�x + � sin
t]+12I2y � � cos[k�x + �y] ; (7:1)where (�; I) are action-angle variables in each plane. Ignoring the weak two-dimensional coupling, the motion in the horizontal dimension of this model issimilar to that of the tune-modulated resonance islands in Chapter 4 as given bythe N-turn Hamiltonian of Equation (4.27) | � represents the square of the island
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Figure 7.1: 1 dimensional phase space on the Qx = 3=5 resonance, formoderately realistic parameters in the FermilabTevatron. Particle track-ing is done in Evol with the B0D0 lattice, showing resonance islandstructures without tune modulation and a thick stochastic band withtune modulation induced by chromaticity.tune, and � and 
 represent the strength and frequency of the tune modulation,respectively. Modeling this system with a lattice to be described in the next sectionproduces the one-dimensional phase-space plots shown in Figure (7.1). Motion inthe vertical plane in Equation (7.1) is that of a pendulum, weakly coupled to thehorizontal motion via the coupling strength � � �.A signi�cant di�erence between the modulational di�usion Hamiltonian (7.1)and the tune modulation nonlinear resonance Hamiltonian (4.27) is the presenceof amplitude dependence in the resonance strengths of the latter. In particular,though the horizontal amplitude only varies through the stochastic band, the ver-tical amplitude growth predicted by modulational di�usion may a�ect the globalmotion. Such growth may either carry the horizontal tune o� the primary reso-nance that drives the chaos through detuning, or alter the strength of the couplingresonance, thus changing the vertical amplitude growth rate as the vertical am-plitude increases.
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Figure 7.2: Resonance structure for modulational di�usion. � is thehorizontal tune distance between the primary driving resonance and thesecondary weak coupling resonance, scaled by the modulation depth q.One prediction of modulational di�usion theory is that this di�usive growth inthe vertical dimension will scale as the square root of turn number. A di�usioncoe�cient can be de�ned, D � h(�Iy(t))2i2T ; (7:2)where �Iy is the vertical action excursion from the initial action and T is the timewidth of the averaging, in turns. The averaging should be performed over a timeT short compared to the vertical di�usion time (so �Iy � Iy(t = 0) but longcompared to the timescales of motion across the thick horizontal chaotic band(typically hundreds of turns). As the vertical tune is varied along the horizontalone-dimensional resonance, the proximity of the weak coupling resonance changes,as given by the dimensionless quantity� � jQx(weak coupling resonance) �Qx(primary resonance)jq : (7:3)A plot of the logarithm of the di�usion coe�cient D versus this scaled proximity� shows a series of descending plateaus and sudden drops (Chirikov et. al. 1985).



117Operational Parameter Symbol ValueHorizontal and vertical chromaticities (�x; �y) 3.0Typical momentum o�set �p=p 0.0003Synchrotron (modulation) frequency QM 0.00078Beam-beam linear tune shift per crossing � 0.005Revolution frequency frev 47.7 kHzTable 7.1. Typical Fermilab Tevatron 1992 operational parameters at900 GeV.This strange structure has sharp drops in D at even integer values of � for thecase where both the driving resonance and the coupling resonance are modulated,and it is this sort of structure we attempt to qualitatively reproduce here withinthe operational framework of the Fermilab Tevatron.7.2 THE TEVATRON SITUATION AND AN OPERATIONAL MODELIn the Fermilab Tevatron during the 1992 collider run with separators, therewere two strong beam-beam interactions every turn| one at the CDF experimen-tal site at ring location B0 and one at the D0 experimental site. The operatingestimate of the linear beam-beam tune shift � is approximately � � 0:005 perinteraction, and with planned upgrades including the Fermilab Main Injector,this value may very well rise even further (Holmes 1991). With the exceptions ofthese beam-beam kicks and chromaticity-correction sextupoles (which are neglect-ed for the sake of simplicity of the tracking model), the Tevatron is quite a linearmachine, and so its transverse dynamics in this situation here can be modeledextremely simply in the tracking program Evol using only linear phase advancesand beam-beam kicks. Typical operating parameters for the 1992 collider run arelisted in Table 7.1.The base tunes of the Tevatron in typical collider run circumstances are Qx0 �20:586 and Qy0 � 20:575, running at a horizontal tune between the 12th order



118resonance, Qx = 20:583 and the 5th, Qx = 20:600. For the purposes of this study,however, a worst case scenario is investigated, where the driving resonance forthe horizontal stochasticity necessary for modulational di�usion is the 5th orderresonance and single particles are launched at a variety of vertical tunes alongthis resonance. If � ever exceeds .009 with two collisions in the Tevatron, theavailable space between the 12th and the 5th becomes too small for the entirebeam, and a signi�cant portion of the beam could be strongly a�ected by one ofthese resonances. The relevant portion of the tune plane diagram and the strangeshape of the beam-beam footprint are shown in Figure (7.3).The beam-beam force used here and within the tracking program Evol usesthe weak-strong approximation and assumes both beams have round gaussiandistributions of equal transverse size �. For the horizontal beam-beam kick,�x0� = �4���?xR2 h1� e�R2=2i x� ; (7:4)where x is the transverse position relative to the opposing beam center, x0 �dx=ds, �?x is the beta function at the interaction point, and R is the distance fromthe center of the opposing beam scaled to the beam size �:R2 � �x��2 + �y��2 ; (7:5)a kick similar to Equation (7.4) is seen in the vertical plane. Salient featuresrelevant to this study can be noted:The detuning is drastically di�erent from the model of Equation (7.1), wherethere is explicitly no coupling other than the weak resonance. The explicit vari-ation of resonance strength with particle amplitude is also a di�erence betweenthese two models. As vertical amplitude grows in the beam-beam situation, one oftwo mechanisms will halt modulational di�usion: the vertical amplitude growthwill either pull the horizontal tune o� the primary driving resonance or it will
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Figure 7.3: The tune plane for typical Fermilab Tevatron 1992 collideroperations, showing the 5th, 7th and 12th order resonances. The nominaloperating tunes are indicated by the cross, and the beam-beam footprintis shown for � = 0:005 with two collisions at B0 and D0. Footprintcontours of constant amplitude range from :1� to 5:1� in 1� increments.



120� The variation of tune with amplitude (detuning) given by the beam-beam force is nonlinear and strongly coupled, quite unlike the oc-tupole detuning observed in the previous chapter.� From the form of R, even-order resonances are driven to �rst orderin �. Odd-order resonances of order N are driven as even orderresonances of order 2N .� Resonance strengths vary with particle amplitude, or action.� There is no beam-beam tuneshift or resonance driving at in�niteamplitudes, so global motion of the unperturbed beam-beam systemis stable.suppress the coupling resonance strength. It remains to be conclusively shownwhether such vertical amplitude growth will cause signi�cant particle loss; how-ever, even collective vertical amplitude growth without loss will raise the verticalbeam emittance and result in luminosity degradation.7.3 SIMULATION RESULTSThe tracking program Evol was used for all simulations, using the B0D0 lat-tice described in the previous section. In order to drive the 5th order resonancestrongly for the worst-case scenario, a small :1� beam-beam o�set was included;closed orbit alignment errors of this magnitude at the collision points are quitepossible. Tracking this lattice with no tune modulation with the beam-beamtuneshift given in Table 1 on the Qx = 20:6 resonance �nds an island tune ofQI = 1:51 � 10�3. Since the synchrotron frequency of the Tevatron at this energyis approximately QM = 7:8 � 10�4 (with a period TM = 1=QM = 1280 turns),the chaotic region of the tune modulation parameter space is quite accessible formoderate tune modulation depths q.Tracking was performed with tune modulation depth q = 0:0010, present onlyin the horizontal plane for comparison to the results originating in the similarlymodulated Hamiltonian of Equation (7.1). This tune modulation amplitude cor-responds to a horizontal chromaticity of about 3 units with a momentum o�set
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Figure 7.4: Maximum vertical amplitudes of single particles with initialvertical amplitudes :1�, tracked over 10 and 100 synchrotron periods.The particle's horizontal amplitude is 3�, inside a chaotic band.
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Figure 7.5: Maximum vertical amplitudes of single particles with initialvertical amplitudes :1�, tracked over 103 and 104 synchrotron periods.Conditions for tracking are otherwise the same as those in Figure (7.4).



123�p=p of 3 � 10�4, realistic values for the Tevatron. Particles were launched withhorizontal amplitude of 3 �, with base tune Qx0 = 20:597, and vertical amplitudeof .1 � with various base tunes. Tracking was stopped when a �nite number ofsynchrotron periods had been tracked (104, corresponding to nearly 5 minutes ofreal particle evolution), or the vertical amplitude had reached 1.0 �. The one sig-ma vertical cuto� was introduced because the inuence of the vertical motion onthe horizontal stochastic band was expected to become non-negligible at moderatevertical amplitudes.To establish the timescales of the relevant amplitude growth mechanisms, themaximum vertical amplitude was recorded for single particles launched at theabove initial conditions over a mesh on the tune plane, for tracking times rangingfrom 10 to 104 synchrotron periods. The tune mesh limits used were the sameas those shown in the tune plane diagram, Figure (7.3), and the results of thistracking are shown in Figures (7.4) and (7.5). In these �gures there is a quitede�nite amplitude growth near the intersections of theQx�Qy and 5Qx resonancesthat evolves over timescales of thousands of synchrotron periods, consistent withthe naive timescales of modulational di�usion. Such growth is completely absentwith modulation turned o� (q = 0), where only amplitude growth on the Qx�Qyresonance is seen due to energy exchange between the unbalanced horizontal andvertical amplitudes; this is a conclusive indication that the modulation drivesthis vertical amplitude growth. The growth also displays structure along thehorizontal resonance, consistent with the modulational di�usion expectations ofthe dependence of the amplitude growth rate on distance from the nearest couplingresonance. There is also some growth that appears on the 3Qx + 2Qy resonance;however, the structure along this resonance is quite minimal in comparison to thegrowth near the previously mentioned intersection of Qx�Qy and 5Qx resonances.Once the timescales of amplitude growth have been established, there remains



124the question of how the vertical amplitude evolves with time. It has already beenmentioned that classical di�usion predicts that the vertical amplitude will growproportionally to t1=2 | if this is the case a plot of log ay versus log t should bea straight line with a slope of one half. However, if the vertical amplitude growsexponentially with time, ay(t) = ay0 et ; (7:6)the plot of log ay versus t, not log t, should grow linearly, and the slope of thisline is the exponential growth rate .  has units of inverse synchrotron periods,because the natural time unit for problems involving direct modulation is themodulation period, not turns.Figure (7.6) shows three examples of vertical amplitude evolution over relativelylong timescales, each plotted on log-linear and log-log scales. It is clear fromexamining these evolutions (as well as those of many other particles at di�erentdistances � from the nearby weak coupling resonance 4Qx+Qy) that the verticalamplitude is growing as an exponential of time, not a power law as one wouldexpect from standard di�usion phenomenology. It has been suggested that thisgrowth may be explained by the dependence of resonance strengths on particleamplitude| the change in amplitude creates a changing resonance strength whichfeeds back upon the amplitude growth, creating exponential growth.The exponential growth coe�cient  can now be plotted versus the scaled dis-tance to the weak coupling resonance as one varies the vertical tune along the5Qx resonance to investigate whether there is any structure present. Since  isexpected to vary over many orders of magnitude, we instead plot log  versus �;� can be directly determined from the vertical base tune Qy0 via� = 20:60�Qy05q (7:7)when considering the 4Qx + Qy resonance to be the source of weak coupling.
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Figure 7.7: Exponential vertical amplitude growth rate  plotted versusthe scaled distance � from the 4Qx +Qy resonance.Other resonances, such as Qx � Qy and 3Qx + 2Qy are also nearby, but arefarther away in horizontal tune distance � than this resonance as can be seen inFigure (7.3).  is measured from a standard linear �t of tracked log ay versustime data. Figure (7.7) shows this data; note the two distinct \plateaus" and thesudden drops in the growth rate at � = 2 and � = 3.7.4 CONCLUSIONS AND FUTURE DIRECTIONSModulational di�usion has been investigated within a simple model of the beam-beam interaction in the Fermilab Tevatron collider. Realistic operational param-eters indicate that particles subject to horizontal stochasticity, or naively thosethat are within the tune modulation depth distance in horizontal tune of the 5Qxresonance, experience modulational di�usion that causes their vertical amplitudesto grow exponentially over timescales of thousands of synchrotron periods, or



127millions of turns, leading to possible long-term particle loss. The rate of this am-plitude growth is also dependent on proximity of nearby coupling resonances, andshows a structural dependence similar to those of previous modulational di�usionstudies, even though the vertical amplitude growth is not root-time as naivelypredicted in these models where resonance strengths are not action-dependent.Under current operating conditions, no particles are expected to be a�ectedby the 5Qx resonance this severely unless the horizontal tune drifts upwards,dragging particles into the �fth, or the linear beam-beam tune shift � increases.However, with future luminosity upgrades, this tune shift per crossing will almostcertainly rise and the operational space used in past runs may not be large enoughto accommodate the entire tune spread of the beam. A signi�cant portion of thebeam would be inuenced by the horizontal 7th and 5th integer resonances andvertical beam blowup could possibly occur. This circumstance would lead toluminosity degradation and intensity loss over a collider store as the beam sizegrows. These e�ects, were they present in an actual collider, would be di�cult todiagnose due to their slow growth timescales.Future studies should be twofold. First, a concrete theoretical structure ofmodulational di�usion should be investigated to conclusively show that in the caseof amplitude-dependent coupling resonance strengths, vertical amplitude growthis exponential instead of root-time as in classical models. Second, the collectivenature of the particle growth should be investigated to see what observable e�ectssuch a mechanism could have on the beam size (and thus luminosity) evolutionover time. These collective e�ects and the emittance growth timescale dependenceon proximity to driving resonances would be experimentally observable.The octupole-decapole tracking model might also be used to investigate theamplitude growth mechanism once a theoretical framework is in place, to avoidthe rather complex detuning and coupling of the beam-beam force. Tracking with



128this lattice has several distinct advantages | motion at large particle amplitudesis no longer stable, so no ad hoc aperture needs to be introduced, and parametersfor a Hamiltonian description as in Equation (7.1) can easily be found to �rstorder in the individual magnet strengths as described in Chapter 3.


